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ABSTRACT
By analyzing the optical tomogram of a linear superposition of coherent states,
we show that distinctive signatures of the macroscopic superposition states are dis-
played directly in the optical tomograms of the states. We also study the effect of deco-
herence on the optical tomograms of the macroscopic superposition states. We consider
the amplitude decay and phase damping models of decoherence and show the direct
manifestations of decoherence in the optical tomogram. Since the wave packet frac-
tional revivals are associated with the generation of macroscopic superposition states,
these signatures help in visualizing the revivals and fractional revivals occurring in a
nonlinear medium directly in the optical tomogram of the time-evolved state. We have
investigated the optical tomogram of the time-evolved state obtained by the evolution of
an initial wave packet, corresponds to an ideal cohrent state, in a Kerr-like medium. We
found that the optical tomogram of the time-evolved state at the instants of fractional
revivals show structures with sinusoidal strands. At k-subpacket fractional revival time,
the optical tomogram of the time-evolved state shows a structure with k sinusoidal
strands. The sinusoidal strands are completely absent when the initial wave packet col-
lapses during the evolution in the medium. The structures with sinusoidal strands are
not lost when the interaction of the system with its external environment is for a short
time.
Using a class of initial superposed wave packets evolving in the Kerr-like
medium, we further show that the condition for the occurrence of fractional revival
phenomenon depends on the number of wave packets composing the initial superposi-
tion state. The initial state considered for this purpose is the superposed coherent states
which are the eigenstates of the powers of annihilation operator. Analyzes based on the
expectation values of observables, Rényi uncertainty relation and Wigner function are
also used to support our findings. For an initial superposed coherent states, the number
of sinusoidal strands in the optical tomogram of the time-evolved state at k-subpacket
fractional revival is k times the number of sinusoidal strands present in the optical to-
mogram of the initial state.
In the case of a two-mode electromagnetic field, we investigate the entangle-
ment of the state directly using the optical tomogram. We study the optical tomograms
of maximally entangled states generated at the output modes of a beam splitter. We take
even and odd coherent states in one of the input modes and vacuum state in the other
input mode of the beam splitter. We have shown that the signatures of entanglement can
be observed directly in the single-mode optical tomogram of the state without recon-
structing the density matrix of the system. Two distinct types of optical tomograms are
observed in any one of the output modes of the beam splitter based on the quadrature
measurement in the other output mode if the output modes are entangled. The different
features shown by the optical tomograms are verified by investigating the photon num-
ber statistics of the corresponding state. We also analyze the effect of decoherence on
the optical tomograms of the entangled states.
Further, we examine the optical tomograms of the entangled states generated
using a beam splitter with a Kerr medium placed into one of its input modes. The en-
tanglement dynamics of the initial coherent state captures the signatures of revival and
vi
fractional revivals. The dynamics of entanglement using von Neumann entropy plot
shows local minima at the instants of fractional revivals. The maximum amount of en-
tanglement is obtained at the instants of collapses of wave packets during the evolution
in the medium. The maximum value of entanglement increases with an increase in the
field strength. We have found the signatures of entanglement in the optical tomogram
for the entangled states generated at the instants of two- and three-subpacket fractional
revival times.
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NOTATION
|α〉 coherent state of single-mode electromagnetic field
δ argument of α (α = |α| eiδ)
|α|2 mean photon number in the coherent state |α〉
α, β complex numbers labelling coherent states
Xˆθ rotated quadrature operator
θ phase of the local oscillator in homodyne detection arrangement
|Xθ, θ〉 eigenvector of Xˆθ
Xθ eigenvalue of Xˆθ
ψα(Xθ, θ) quadrature representation of the coherent state |α〉
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CHAPTER 1
INTRODUCTION
The state of a quantum mechanical system is represented by its state vector
|ψ〉 or the density matrix ρ in the appropriate Hilbert space. Writing the long and of-
ten complicated expressions for the wave vectors or the density matrices of infinite
dimensional bosonic systems, such as the electromagnetic radiation states, is tiresome,
with the added disadvantage of losing sight of the key characteristics that are crucial
to extract information. Alternatively, one can use the phase space formulation of the
quantum mechanics (Weyl, 1931; Wigner, 1932; Groenewold, 1946; Moyal, 1949), in
which the quantum states are represented by its quasiprobability distributions in the
phase space. There are mainly three types of quasiprobability distributions: Glauber-
Sudarshan P function, Husimi Q function, and the Wigner function (Barnett and Rad-
more, 1997). These are joint probability distributions of position and momentum vari-
ables. The quasiprobability distribution is a real-valued function and is similar to a true
probability distribution for the field amplitude, in the sense that, they are normalized
and the moments of the products of creation and annihilation operators can be obtained
by evaluating an integral weighted by the quasiprobability distribution. However, they
are not always positive and thus interpreting it as a probability distribution is not always
possible.
The quasiprobability distributions are very convenient for understanding var-
ious features of the quantum states of electromagnetic fields. For example, if the P
function of the field is non-negative everywhere in phase space, it is a classical state of
the electromagnetic field. Another important class of radiation field is the nonclassical
states, which are quantum states whose characteristic properties cannot be explained by
the principles of classical electrodynamics. Such a state can be described in terms of
quantized electromagnetic fields. The nonclassical states of light can be spotted eas-
ily from its quasiprobability distributions. A quantum state is said to be nonclassical
if its P function is negative somewhere in phase space or more singular than a Dirac
delta function. The quantum mechanical phenomena such as, quadrature squeezing, en-
tanglement, oscillations in the photon number distributions, photon antibunching, and
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fractional revivals, are associated with the nonclassicality of the quantum state. The
nonclassical states of light are potential candidates for various applications in quan-
tum information and quantum computation. The experimental characterization of the
nonclassical states plays a significant role in understanding the fundamental features
associated with the states.
None of these quantities, that is, state vector, density matrix, or quasiprob-
ability distributions, are directly measurable. Measurements of a suitable quorum of
observables can describe the quantum state completely (Fano, 1957). For optical fields,
this can be achieved by measuring the rotated quadrature operator of the electromag-
netic field (Bertrand and Bertrand, 1987; Vogel and Risken, 1989). It has been shown
that there exists a one-to-one correspondence between the quasiprobability distribution
and the probability distribution of rotated quadrature phases of the field (Bertrand and
Bertrand, 1987; Vogel and Risken, 1989). The probability distribution of the rotated
quadrature operator of the electromagnetic field is called an optical tomogram. The
optical tomogram contains all the information about the system, and can serve as an
alternative representation of the quantum system. In fact, an alternative formulation of
quantum mechanics in which the quantum states are described by tomographic prob-
ability distributions was discussed in (Ibort et al., 2009). In experiments, a series of
homodyne measurements of the rotated quadrature operator of the field are done on
an ensemble of identically prepared systems and generate the optical tomogram of the
state (Leonhardt, 1997). The first experimental observation of squeezed state of light,
by measuring the quadrature amplitude distribution using the balanced homodyne de-
tection arrangement, has been done in (Smithey et al., 1993). Thereafter, many non-
classical states of light have been characterized by optical homodyne tomography. A
review of continuous-variable optical quantum state tomography, including a list of the
optical quantum states characterized by the same, is given in (Lvovsky and Raymer,
2009).
It is a usual practice in experiments to reconstruct the density matrix or the
quasiprobability distributions of the state from the optical tomogram and study its non-
classical properties. The mathematical methods for the reconstruction process can be
divided into two categories (Lvovsky and Raymer, 2009). First one is the inverse linear
transform methods, which include the inverse Radon transform method and the pattern
function method. These methods work well only in the limit of a very large num-
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ber of data and very precise measurements, and are rarely used in experiments. The
second one is the methods of statistical inference. This includes maximum-likelihood
(MaxLik) reconstruction and maximum-entropy (MaxEnt) reconstruction method. The
reconstructed quasiprobability distributions provide a convenient way to visualize the
different nonclassical features of the state in phase space.
It should be emphasized that no reconstruction process is perfect due to sys-
tematic and statistical errors in the estimation of measured statistical distribution. In
fact, the original errors of the experimental data can propagate during the process of
reconstruction of density matrix or the quasiprobability distribution of the state. There-
fore, the reconstruction of the quantum state from an optical tomogram can lead to the
loss of information about the actual state prepared in an experiment. An experimen-
tal tomogram contains the complete information about the quantum state only in the
limit of a very large number of experimental runs and very precise measurements. An
attempt to increase the number of experimental runs can reduce the statistical errors
in the measurements, but it increases the systematic errors associated with the experi-
ment. If one can extract the characteristic properties of the quantum state directly from
its optical tomogram avoiding the intermediate reconstruction of density matrix or the
quasiprobability distribution of the state, more comprehensive will be the information
about the state prepared in the experiment and thus highly sophisticated quantum me-
chanical phenomena can be investigated with high accuracy. It has been shown that the
physical properties of quantum states can be derived directly using optical tomogram
without the intermediate calculation of the density matrix or the quasiprobability dis-
tribution of the state, and the tomographic approach can be used to estimate the errors
in the histograms of experimentally obtained quadrature values (Bellini et al., 2012).
We explore this idea further to study theoretically the nonclassical properties of light
directly from the optical tomogram of the state.
Optical tomograms of several nonclassical states of light have been investi-
gated theoretically in the literature (Filippov and Man’ko, 2011; Korennoy and Man’ko,
2011; Miranowicz et al., 2014; Man’ko and Zhebrak, 2012). Optical tomogram of a
quantum state can be evaluated by a suitable transformation in the symplectic tomo-
gram of the state (Mancini et al., 1995; D’Ariano et al., 1996; Mancini et al., 1997).
The main advantages of studying the optical tomogram of the quantum state are the fol-
lowing. Theoretically calculated optical tomogram can be used to compare and verify
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the experimentally measured optical tomogram of the corresponding state. Also, the
optical tomogram is convenient for understanding the effect of environment-induced
decoherence on the quantum state (Rohith and Sudheesh, 2015). The correctness of
measured tomogram can be checked using the properties of the tomogram, like un-
certainty relations (De Nicola et al., 2006), tomographic entropic inequalities (Manko
et al., 2009), purity constraints (Man’ko et al., 2011), etc.
Various kinds of optical macroscopic superposition states have been investi-
gated theoretically (Bužek and Knight, 1995) and have been characterized by continuous-
variable optical homodyne tomography (Lvovsky and Raymer, 2009). An investigation
of the symplectic tomogram of the even and odd coherent states, which are superpo-
sitions of two coherent states, have been discussed in (Mancini et al., 1996). Due to
quantum interference, the properties of the macroscopic superposition states are differ-
ent from the properties of the constituent states, as well as from the incoherent super-
position or statistical mixture of the constituent states. The nonclassical properties of
a macroscopic superposition state, such as quadrature squeezing, entanglement, frac-
tional revival, and oscillations in the photon number distributions, are useful for several
technological applications ranging from gravitational wave detectors to quantum com-
putation. We have investigated the optical tomograms of the macroscopic superposi-
tion states of light and found that distinctive signatures of the superposition states are
captured directly in the optical tomogram, enabling the selective identification of the
macroscopic superposition states.
Macroscopic superposition states are sensitive to interactions with the external
environment which leads to the decoherence of the state. The effect of decoherence on
the quasiprobability distribution of the optical macroscopic superposition states have
been investigated in detail (Milburn, 1986; Milburn and Holmes, 1986; Daniel and Mil-
burn, 1989). We have found the manifestations of environment-induced decoherence
directly in the optical tomogram of the state. The macroscopic superposition states can
be generated at the instants of fractional revival, which is a nonclassical phenomenon,
during the time evolution of an initial wave packet in a nonlinear medium (Yurke and
Stoler, 1986; Miranowicz et al., 1990; Paprzycka and Tanas´, 1992; Tara et al., 1993).
The fractional revival phenomenon has been investigated both theoretically and exper-
imentally in a wide class of systems (Robinett, 2004). The superposed wave packets
generated by the evolution of an initial coherent state (Glauber, 1963) in a nonlin-
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ear medium have potential applications in quantum cloning with continuous-variables
(Cerf et al., 2000). Two- and four-superposition states generated at fractional revival
instances are useful for implementing the one- and two-bit logic gates (Shapiro et al.,
2003). Recent experimental observation of multicomponent Schrödinger cat states us-
ing single-photon Kerr effect opens up new directions for continuous-variable quantum
computation (Kirchmair et al., 2013). Identifying the signatures of fractional revivals is
an important aspect in the study of macroscopic superposition states.
The time evolution of an initial wave packet |ψ(0)〉 in a nonlinear medium can
exhibit revivals and fractional revivals at specific instants of time. A revival of a well-
localized initial wave packet occurs when it evolves in time to a wave packet that repro-
duces the initial waveform. The characteristic time scale over which this phenomenon
happens is called the revival time Trev. At revival time, the autocorrelation function
A(t) = |〈ψ(0)|ψ(t)〉|2 return to its initial value of unity. Within the characteristic time
scale Trev, the wave packet may split into a number of scaled copies of the initial state
at specific instants during the evolution. This is known as the fractional revival of an
initial wave packet (Averbukh and Perelman, 1989). A k-subpacket fractional revival
occurs when the initial wave packet splits into a superposition of k wave packets of the
initial form. The revivals and fractional revivals have been observed experimentally in
a variety of quantum systems such as Rydberg atomic wave packets, molecular vibra-
tional states, Bose-Einstein condensates, and so forth (Rempe et al., 1987; Yeazell et al.,
1990; Yeazell and Stroud Jr, 1991; Meacher et al., 1991; Vrakking et al., 1996; Greiner
et al., 2002; Matsukevich et al., 2006).
There are various methods in the literature to identify and analyze the frac-
tional revivals. The distinctive signatures of the different fractional revivals of a suitably
prepared initial wave packet are displayed in the mean values and higher moments of
appropriate observables (Sudheesh et al., 2004). The entropy associated with the phase
distribution (Vaccaro and Orłowski, 1995), Wehrl’s entropy (Jex and Orłowski, 1994),
and Rényi entropy (Romera and de los Santos, 2007, 2008; de los Santos et al., 2010)
can be used to study the formation of macroscopic quantum superposition states. The
Wigner function or Husimi Q function plots can also be used to visualize the revivals
and fractional revivals in phase space. The characterization of the time-evolved state
in a nonlinear medium can be performed using optical homodyne tomography. The
formation of different macroscopic superposition states at the instants of fractional re-
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vivals can be traced directly using the optical tomogram of the time-evolved state. We
have shown that the signature of revivals and fractional revivals are captured directly
in the optical tomogram of the time-evolved state in a nonlinear medium (Rohith and
Sudheesh, 2015).
Another important challenge for the experimental generation of macroscopic
superposition state and using it in different technological applications is to handle the
environment-induced decoherence of the state arising from the interaction of the sys-
tem with its external environment (Schlosshauer, 2005). The macroscopic superposi-
tion states are sensitive to interaction with its environment in an actual experimental
setting, and this interaction can even destroy the states generated. The decoherence of
the superposition state lead to the leakage of its quantum properties, that is, a transition
from quantum to classical world (Zurek, 1991, 2003). The external environment can
be modelled as a collection of an infinite number of harmonic oscillators. Depending
on the type of interaction between the system and the environment, the decoherence of
the quantum state can occur at least in two ways: The first one is due to the photon ab-
sorption by the environment, also known as amplitude decay, and the second one is due
to the phase damping. Physically, the amplitude damping corresponds to the decay of
photons from the system to the environment. The phase damping model corresponds to
the scattering losses, in which the number of photons in the system remains unchanged
while the environment quanta can be emitted or absorbed. There is no energy transfer
between the system and environment, only the phase of the system is changed. These
two models are well described by master equations (Gardiner, 1991). We have analyzed
the effect of decoherence on the optical tomogram of the superposition states. We have
shown the manifestation of the environment-induced decoherence directly in the op-
tical tomogram of the macroscopic superposition states (Rohith and Sudheesh, 2015).
The analytical expressions for the optical tomograms of the states in the presence of
decoherence (with suitable decay rate), given in this thesis, provide the possibility of
direct comparison and verification of the optical tomograms obtained by the homodyne
measurements of photonic states.
Most of the theoretical investigations on the revivals and fractional revival phe-
nomena deal with the evolution of an initial single wave packet (Yurke and Stoler, 1986;
Miranowicz et al., 1990; Tara et al., 1993; Sudheesh et al., 2004, 2005a,b). The coher-
ent state (Glauber, 1963) and photon-added coherent state (Agarwal and Tara, 1991;
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Zavatta et al., 2004) are the examples for such single wave packet. The fractional re-
vival occurs at the same instants of time for both of these initial states (Sudheesh et al.,
2004, 2005b). We have shown that the conditions for the occurrence of fractional re-
vivals depend on the number of subpackets composing the initial superposition state
(Rohith and Sudheesh, 2014).
Another important nonclassical feature of the electromagnetic field is the en-
tanglement. Quantum entanglement plays a crucial role in quantum information and
quantum computing. It has been a key resource for quantum information processing.
After the celebrated EPR paper (Einstein et al., 1935), a tremendous amount of work has
been done in the field of quantum entanglement (Horodecki et al., 2009). In most of the
quantum information processes, such as quantum teleportation (Bennett et al., 1993),
quantum cryptography (Gisin et al., 2002), superdense coding (Bennett and Wiesner,
1992), and quantum metrology (Giovannetti et al., 2006), the systems are prepared ini-
tially in an entangled state. Much attention is devoted to the discussion of entanglement
properties of continuous-variable systems, for their great practical relevance in applica-
tions to quantum optics and quantum information (Adesso and Illuminati, 2007).
Various devices have been proposed and realized experimentally to generate
quantum entanglement. The simplest one is by using a quantum mechanical beam split-
ter. A beam splitter generates entangled states if one of the input fields are nonclassical
(Kim et al., 2002). It has been shown that a standard nonlinear optics interaction, arising
from a Kerr nonlinearity, followed by a simple interaction with a beam splitter can pro-
duce a large amount of entanglement in an arbitrarily short time (van Enk, 2003, 2005).
For an initial coherent state with large field strength, such an arrangement generates
maximally entangled states in k dimensions at the instants of k-subpacket fractional
revivals. These states are referred as the multidimensional entangled coherent states
and are useful in quantum teleportation protocols (van Enk, 2003). We have found that,
for an initial coherent state with a finite field strength, the maximum amount of entan-
glement is obtained at the instants of collapses of the wave packet during the evolution
in the Kerr medium (Rohith et al., 2016). Once the entangled states are created in an
experiment, it is important to characterize the state of the system precisely. The optical
homodyne tomography can serve as an efficient technique to measure and reconstruct
the state of entangled optical fields. Two homodyne detection arrangements, one for
each mode, can be used to characterize the two-mode entangled states of light. Various
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kinds of entangled states of light have been characterized recently (D’Auria et al., 2009;
Yao et al., 2012; Lvovsky et al., 2013; Morin et al., 2014). In experiments, the two-mode
density matrix of the system has been reconstructed from the optical tomogram, and the
amount of entanglement is calculated using the reconstructed density matrix.
We have investigated theoretically the optical tomograms of the maximally
entangled states generated at the output of a beam splitter. A conditional measurement
on one of the modes of entangled states may change the state in the other mode due to
entanglement, and such changes may show up in the optical tomogram of the state.
This property can be explored to find the signatures of entanglement in the optical
tomogram of the state, without reconstructing the density matrix of the state. We have
shown that for the entangled two-mode states, the optical tomogram in one of the mode
shows different features when upon changing the parameters associated with the other
mode. These signatures will help in determining whether the state is entangled or not
just by looking at the optical tomogram in one of the modes (Rohith and Sudheesh,
2016). The different features shown by the state in one of the modes, upon changing
the parameters in the other mode, are verified by studying the photon number statistics
of the state. Since our calculations are based on the optical tomogram in only one of the
two modes, it not only avoids the computational complexity of finding the two-mode
density matrix or the quasiprobability distribution of the state, but it also reduces the
number of homodyne measurements to be performed to determine whether the state is
entangled or not.
The robustness of the entangled state is an important factor for using such
states in quantum information protocols. The interaction with its external environment
leaves the system in a mixed state, and the decay of entanglement of the state can be
quantified using the logarithmic negativity (Vidal and Werner, 2002). The decoherence
of the multidimensional entangled coherent states using a fictitious beam splitter model
is described in (van Enk, 2005). The two-mode density matrix of the entangled state at
the output of the beam splitter in the presence decoherence is calculated by solving
the master equations in amplitude and phase damping models. We have found the
manifestations of decoherence of the entangled state at the output of the beam splitter
directly in the optical tomogram (Rohith and Sudheesh, 2016).
A summary of the contents of the rest of this thesis is as follows:
Chapter 2 describes the manner in which the distinctive signatures of a macro-
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scopic superposition state are displayed in the optical tomogram of the state. This help
in selectively identifying a macroscopic superposition state directly from the optical to-
mogram. The state considered is a linear superposition of coherent states. The effect
of decoherence on the optical tomograms of superposed coherent states are investi-
gated using the zero-temperature master equations corresponding to amplitude decay
and phase damping models of decoherence.
Chapter 3 discusses how signatures of revivals and fractional revivals are cap-
tured in the optical tomogram of the time-evolved state. The model Hamiltonian con-
sidered is that of a single-mode field propagating in a Kerr-like medium. The initial
state considered is a coherent state. We have found the manifestations of amplitude
decay and phase damping models of decoherence on the optical tomogram of the states
at the instants of fractional revivals (Rohith and Sudheesh, 2015).
Chapter 4 is concerned with the fractional revivals of initial superposed coher-
ent states evolving in the Kerr-like medium. It illustrates the dependence of fractional
revival times on the number of subpackets composing the initial superposition state.
The dynamics are investigated using the optical tomogram, Wigner function, expecta-
tion value analysis, and Rényi entropy (Rohith and Sudheesh, 2014).
Chapter 5 deals with the optical tomograms two-mode continuous-variable
entangled states generated using a beam splitter. The signatures of entanglement are
captured directly in the single-mode optical tomogram of the state, without reconstruct-
ing the density matrix of the system. We also present the analysis of the robustness of
entangled states generated at the output of a beam splitter, using the zero-temperature
master equations corresponding to amplitude and phase damping models of decoher-
ence (Rohith and Sudheesh, 2016).
Chapter 6 describes the optical tomograms of entangled states generated in a
beam splitter with the Kerr medium placed into one of its input arms. The entanglement
dynamics of the initial coherent state shows an arbitrarily large amount of entanglement
at the instants of collapses during the evolution in the medium (Rohith et al., 2016). The
signatures of entanglement in the optical tomogram of the entangled states generated at
the instants of two- and three-subpacket fractional revival times are discussed.
Chapter 7 concludes the thesis with some brief remarks and a list of open
problems for further research.
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CHAPTER 2
OPTICAL TOMOGRAM OF A MACROSCOPIC
SUPERPOSITION STATE
2.1 Introduction
In this chapter, we discuss the manner in which the distinctive signatures of a
macroscopic superposition state are displayed in the optical tomogram of the state. Such
an investigation can help the identification of the macroscopic superposition states di-
rectly from the optical tomogram. The most natural candidate for this purpose would
be a linear superposition of coherent states. For completeness, we write down the def-
inition of the coherent state. A coherent state |α〉 is the eigenstate of the annihilation
operator a with eigenvalue α,
a |α〉 = α |α〉 , (2.1)
where α is a complex number. Let α =
√
|α|2 exp(i δ), where |α|2 is the mean number
of photons in the coherent state |α〉 and δ is the argument of α. We consider a linear
superposition of l coherent states of the form (Peng and Guo, 1990; Napoli and Messina,
1999)
|ψl,h〉 = Nl,h
l−1∑
r=0
e−i2pirh/l
∣∣αei2pir/l〉 , (2.2)
where the normalization constant
Nl,h =
1√
l
∣∣∣∣∣
l−1∑
r=0
e−i2pirh/le−|α|
2(1−ei2pir/l)
∣∣∣∣∣
−1/2
, (2.3)
and h = 0, 1, ..., (l − 1). If we set l = 1 and h = 0 in the above equation we retrieve
the coherent state |α〉. For l = 2, we get two states which correspond to h = 0 and
h = 1 and they are called even and odd coherent states, respectively (Dodonov et al.,
1974). The states |ψl,h〉 with h = 0 and h = 1 are called even and odd coherent states
of order l, respectively (Napoli and Messina, 1999). The states |ψl,h〉 for a given l with
h = 0, 1, 2, . . . (l − 1) are orthonormalized eigenstates of the powers of annihilation
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operator al with eigenvalue αl. The nonclassical properties of the state |ψl,h〉 was dis-
cussed in (Bužek et al., 1992; Sun et al., 1992). We study the optical tomogram of the
superposed coherent state |ψl,h〉 and discuss the manifestations of environment-induced
decoherence on the optical tomogram of the state. In the next section, we give a brief
outline of the calculation of the optical tomogram of a quantum state and its general
properties.
2.2 Optical tomogram of a quantum state
Consider the homodyne quadrature operator
Xˆθ =
1√
2
(
a e−iθ + a†eiθ
)
, (2.4)
where θ is the phase of the local oscillator in the homodyne detection setup (Leonhardt,
1997) and a and a† are the photon annihilation and creation operators of the single-mode
electromagnetic field, respectively. The phase of the local oscillator varies in the domain
0 ≤ θ ≤ 2pi. The optical tomogram ω (Xθ, θ) of a quantum state with density matrix
ρ can be calculated by the following expression (Vogel and Risken, 1989; Lvovsky and
Raymer, 2009):
ω (Xθ, θ) = 〈Xθ, θ|〉 |Xθ, θ〉 , (2.5)
where
|Xθ, θ〉 = 1
pi1/4
exp
[
−Xθ
2
2
− 1
2
ei 2θa†
2
+
√
2 ei θXθ a
†
]
|0〉
is the eigenvector of the Hermitian operator Xˆθ with eigenvalue Xθ (Barnett and Rad-
more, 1997). For a pure quantum state with wave vector |ψ〉, the expression (2.5) can
be rewritten as
ω(Xθ, θ) = |〈Xθ, θ|〉〉|2 . (2.6)
The normalization condition of the optical tomogram ω(Xθ, θ) is given by
∫
dXθ ω(Xθ, θ) = 1. (2.7)
The optical tomogram ω(Xθ, θ) of a quantum state is non-negative
ω(Xθ, θ) ≥ 0, (2.8)
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and has the following symmetry property:
ω(Xθ, θ + pi) = ω(−Xθ, θ). (2.9)
In the subsequent section, we use the Eq. (2.6) to evaluate the optical tomogram of a
macroscopic superposition state.
2.3 Optical tomogram of superposed coherent states
The optical tomogram of the superposed coherent state |ψl,h〉 can be calculated
using the definition given in Eq. (2.6) as
ωl,h (Xθ, θ) = |〈Xθ, θ|ψl,h〉|2 . (2.10)
Substituting Eq. (2.2) in the above equation, we get
ωl,h (Xθ, θ) = N
2
l,h
∣∣∣∣∣
l−1∑
r=0
e−i2pirh/l
〈
Xθ, θ
∣∣αei2pir/l〉
∣∣∣∣∣
2
. (2.11)
The quadrature representation of the coherent state |α〉, given by (Barnett and Radmore,
1997)
〈Xθ, θ|α〉 = 1
pi1/4
exp
[
−X
2
θ
2
− |α|
2
2
− α
2 e−i 2θ
2
+
√
2αXθe
−i θ
]
, (2.12)
can be used to simplify the above expression as
ωl,h (Xθ, θ) =
N2l,h√
pi
∣∣∣∣∣
l−1∑
r=0
e−i2pirh/l exp
[
−X
2
θ
2
− |α|
2
2
− α
2
r e
−i 2θ
2
+
√
2αrXθe
−i θ
]∣∣∣∣∣
2
,
(2.13)
where αr = α ei 2pir/l. Next, we analyze the optical tomogram of the superposed coher-
ent state |ψl,h〉 for different l values.
The optical tomogram of the coherent state |α〉 (setting l = 1 and h = 0 in
Eq. (2.13)) is calculated as
ω1,0 (Xθ, θ) =
1√
pi
exp
{
−
[
Xθ −
√
2 |α| cos(δ − θ)
]2}
. (2.14)
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θXθ Xθ Xθ
(a) |α|2 = 1 (b) |α|2 = 5 () |α|2 = 10
Figure 2.1: Optical tomograms of the coherent state |α〉 with δ = pi/4 for (a)
|α|2 = 1, (b) |α|2 = 5, and (c) |α|2 = 10.
The maximum intensity of the optical tomogram ω1,0 (Xθ, θ) is 1/
√
pi, which occurs
along the sinusoidal path, defined by Xθ =
√
2 |α|2 cos(δ − θ), in the Xθ-θ plane.
Hence, the projection of the optical tomogram on the Xθ-θ plane is a structure with a
single sinusoidal strand. The optical tomograms of the coherent state |α〉 with δ = pi/4
for different field strengths |α|2 are shown in Fig. (2.1).
θ
Xθ Xθ Xθ
(a) δ = 0 (b) δ = pi/4 () δ = pi/2
Figure 2.2: Optical tomogram of the coherent state |α〉 with field strength
|α|2 = 20 and (a) δ = 0, (b) δ = pi/4, and (c) δ = pi/2.
It is clear from the figures that, with an increase in the field strength |α|2, the
sinusoidal strand expands in the horizontal direction (along the direction of Xθ axis).
Along the Xθ axis (θ = 0), the maximum intensity of the optical tomogram occurs at
Xθ =
√
2 |α|2 cos δ. To show this feature, we have plotted the optical tomogram of a
coherent state |α〉 with field strength |α|2 = 20 for different δ values in Fig. 2.2. Along
the Xθ axis, the maximum intensity of the optical tomograms shown in Figs. 2.2(a)-
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2.2(c), occurs at locations Xθ =
√
40, Xθ =
√
20, and Xθ = 0, respectively. In the rest
of this chapter, we set the value of δ to be pi/4 without loss of generality.
θ
(a)
Xθ
(b)
Xθ
Figure 2.3: Optical tomogram ωl,h(Xθ, θ) of the (a) even (l = 2, h = 0) and (b)
odd (l = 2, h = 1) coherent states with |α|2 = 20.
The optical tomograms of the even and odd coherent states can be obtained by
a suitable transformation in the symplectic tomograms of such states (Mancini et al.,
1996). We analyze the optical tomograms of the even and odd coherent states and in-
vestigate the signatures of these states directly in the optical tomogram. Figure 2.3
shows the optical tomogram of the even and odd coherent states |ψ2,h〉, which is a su-
perposition of coherent states |α〉 and |−α〉. For both even and odd coherent states, the
optical tomogram is a structure with two sinusoidal strands in Xθ-θ plane. Along the
Xθ axis, the maximum intensities of the optical tomogram occur atXθ =
√
40 cos(pi/4)
and Xθ =
√
40 cos(5pi/4), corresponding to the sinusoidal strands of |α〉 and |−α〉, re-
spectively. The optical tomogram shows large oscillations in the regions where the two
sinusoidal strands intersect because of the quantum interference between the states |α〉
and |−α〉. The difference between the optical tomograms of even and odd coherent
states (shown in Fig. 2.3(a) and 2.3(b), respectively) can be observed from the variation
of intensities (note down the color box given on the right hand side of each figure) as
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well as from the regions of intersection of the two sinusoidal strands. For clarity, we
have shown the zoomed portions of the interference regions, on the top of each of the
optical tomograms, correspond to even and odd coherent states. It is clear that there only
one high-intensity spot at the interference region for the even coherent state whereas in
the case of odd coherent state there are two high-intensity spots. Therefore, the optical
tomograms of even and odd coherent states can be distinguished from one another di-
rectly from the optical tomogram of the states. Here we can conclude that a structure
with two sinusoidal strands in the optical tomogram of the superposed coherent states
is a signature of the superposition of two coherent states.
(a) (b)
Xθ Xθ
θ
Figure 2.4: Optical tomogram ωl,h(Xθ, θ) of the superposed coherent states
with |α|2 = 20 and h = 0 for (a) l = 3, and (b) l = 4.
In Fig. 2.4, we plot the optical tomogram of the state |ψl,0〉 for l = 3 and l = 4
with |α|2 = 20, corresponding to a superposition of three and four coherent states,
respectively. The optical tomogram of the state |ψ3,0〉 shown in Fig. 2.4(a), which is
the superposition of three coherent states |α〉, ∣∣α ei 2pi/3〉, and ∣∣α ei 4pi/3〉, displays a
structure with three sinusoidal strands. Similarly, the optical tomogram of the state
|ψ4,0〉, which is the superposition of four coherent states |α〉, |iα〉, |−α〉, and |−iα〉,
displays a structure with four sinusoidal strands (see Fig. 2.4(b)). We have repeated
the above analysis for higher number of superposition (l > 4) of coherent states and
found that the optical tomogram of a superposition state composing l coherent states
is a structure with l sinusoidal strands in the Xθ-θ plane. The resolution of these l
sinusoidal strands increases with the increase in the field strength |α|2. It is also noticed
that, for a given l, the structures with l sinusoidal strands in the optical tomograms of
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the states |ψl,h〉 with h = 0, 1, 2, (l − 1) differ from one another in the regions of
intersections of the sinusoidal strands.
2.4 Effect of decoherence on the optical tomogram
So far we have analyzed the optical tomograms of pure quantum states. How-
ever, the macroscopic superposition states are very much sensitive to noise and the inter-
action with the external environment. This leads to decoherence of the quantum states
prepared in an experiment. In this section, we study the effect of environment-induced
decoherence on the optical tomogram of the superposition state given in Eq. (2.2). The
density matrix of the state |ψl,h〉 at time τ = 0 is given by
ρ(τ = 0) = |ψl,h〉 〈ψl,h| . (2.15)
The evolution of this state under decoherence, represented by ρ(τ), can be calculated
using the appropriate master equations that describe the amplitude decay and phase
damping of the state. The interaction with the external environment leaves the system
in a mixed state; that is, the state ρ(τ) is a mixed state for τ > 0. Next we evaluate the
optical tomogram of the state ρ(τ) in the amplitude decay and phase damping models.
2.4.1 Amplitude decay model
In this model the interaction of the single-mode field (mode a) with the en-
vironment modes ej under the rotating-wave approximation can be described by the
Hamiltonian (Gardiner, 1991)
Hamp =
∞∑
j=0
~γ
(
a ej
† + a†ej
)
, (2.16)
where γ is the coupling strength of the mode a with the environment. In the Born-
Markov approximation, the density matrix ρ in the interaction picture obeys the zero-
temperature master equation (Walls and Milburn, 1985)
dρ
dτ
= γ
(
2aρa† − a†aρ− ρa†a) . (2.17)
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The solution of this equation can be written as (Walls and Milburn, 1985)
ρ(τ) =N2l,h
l−1∑
r,r′=0
e−i 2pih(r−r
′)/l exp
[
− |α|2
(
1− ei 2pi(r−r′)/l
) (
1− e−2γτ)]
× ∣∣αr e−γτ〉 〈αr′ e−γτ ∣∣ . (2.18)
It should be noted that, in the long-time limit (i.e, τ → ∞) only the vacuum state will
survive under amplitude decoherence, that is,
ρ(τ →∞) = |0〉 〈0| . (2.19)
The optical tomograms of the superposed coherent states |ψl,h〉 in the presence of am-
plitude damping can be obtained by substituting Eq. (2.18) in Eq. (2.5):
ωl,h(Xθ, θ, τ) =
N2l,h√
pi
l−1∑
r,r′=0
e−i 2pih(r−r
′)/l exp
[
− |α|2
(
1− ei 2pi(r−r′)/l
) (
1− e−2γτ)]
× ζ(Xθ, θ, αr, τ)ζ∗(Xθ, θ, αr′, τ), (2.20)
where
ζ(Xθ, θ, αr, τ) = exp
(
−Xθ
2
2
− |αr|
2 e−2γτ
2
− α
2
r e
−2γτ e−i2θ
2
+
√
2Xθ αr e
−γτ e−iθ
)
.
(2.21)
Next we use Eq. (2.20) to plot the optical tomogram of superposed coherent
states |ψl,h〉 in the presence of amplitude damping. For reference, we have also plotted
the effect of amplitude damping on the optical tomogram of a coherent state |α〉 with
field strength |α|2 = 20 in Fig. 2.5(a). The short time interaction of the system with the
environment do not destroy the coherence property of a coherent state, but it reduces
the amplitude of the state exponentially in time τ . The reduction in the amplitude
of the coherent state is clearly observed in Fig. 2.5(a), where sinusoidal strand in the
optical tomogram shrinks in the horizontal direction (along the Xθ axis). We take the
value of coupling constant γ to be 0.01 for all the plots in Fig. 2.5. In Figs. 2.5(b)-
2.5(d) we plot the optical tomograms of the state |ψl,h〉 in the presence of amplitude
damping at different times γτ (scaled time) for l = 2, 3, and 4. The structures with
sinusoidal strands are not lost when the interaction of the state with the environment is
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for a short duration of time (for example, when γτ = 0.1). The sinusoidal strands in
the optical tomogram get close together and get distorted with an increase in time γτ
and they merge for large γτ . Figures 2.5(b)-2.5(d) show the merging of the two, three,
four sinusoidal strands in the optical tomogram of the states |ψ2,0〉, |ψ3,0〉 and |ψ4,0〉,
respectively. The merging of the sinusoidal strands with the increase in time γτ is due
θ
θ
θ
(a)
(b)
()
i) γτ = 0.01 ii) γτ = 0.1 iii) γτ = 1.0
Xθ Xθ Xθ
θ(d)
Figure 2.5: Optical tomograms of the coherent state and superposed coherent
states |ψl,h〉 in the presence of amplitude damping for (a) l = 1, (b)
l = 2, (c) l = 3, and (d) l = 4 at times (i) γτ = 0.01, (ii) γτ = 0.1,
and (iii) γτ = 1.0. For all these plots h = 0 and |α|2 = 20.
to the decay of amplitude of the quantum state as a result of the photon absorption by
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the environment. Another important fact is that the oscillations in the optical tomogram
in the interference regions of the sinusoidal strands decrease with the increase in time
γτ , which can be observed in Fig. 2.5.
All the superposition states considered above decay to the vacuum state in the
long-time limit, i.e., when γτ → ∞, and the corresponding optical tomogram is given
by
ωl,h (Xθ, θ, τ →∞) = 1√
pi
e−Xθ
2
. (2.22)
The above optical tomogram ω (Xθ, θ, τ →∞) is a structure with a single straight
strand in the Xθ-θ plane. The optical tomogram of the state |ψ4,0〉 at long times γτ ,
shown in Fig. 2.6, confirms this result. We repeated the analysis described above for
the higher superposition l > 4 of coherent states and found the similar results.
θ
Xθ
Figure 2.6: Optical tomogram of the superposed coherent state |ψ4,0〉 at long
times γτ in the presence of amplitude damping.
2.4.2 Phase damping model
In the phase damping model, the interaction between the system (represented
by the mode a) and the environment modes ej can be modeled by the Hamiltonian
(Gardiner, 1991)
Hph =
∞∑
j=0
~ κ
(
Aej
† + A†ej
)
, (2.23)
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where A = a†a and κ is the coupling constant. In this case, the interaction with the
environment causes no loss of energy of the system but the information about the rel-
ative phase of the energy eigenstates is lost. The Markovian dynamics of the state ρ is
described by the zero-temperature master equation (Walls and Milburn, 1985)
dρ
dτ
= κ
(
2AρA† − A†Aρ− ρA†A) . (2.24)
The solution of this equation can be written in the Fock basis as
ρ(τ) =
∞∑
n,n′=0
ρn,n′(τ) |n〉 〈n′| , (2.25)
where the density-matrix elements ρn,n′(τ) for an arbitrary initial state ρ(τ = 0) are
given by (Gardiner, 1991)
ρn,n′(τ) = exp
[
−κ (n− n′)2 τ
]
ρn,n′(τ = 0). (2.26)
Note that the diagonal matrix elements do not decay due to phase damping. Using
Eq. (2.26) we calculate the matrix elements of ρ(τ) in the presence of phase damping
for the initial superposed coherent states |ψl,h〉 as
ρn,n′(τ) =
l2N2l,he
−(n−n′)2κτ−|α|2αnα∗n
′
√
n!n′!
δ[(n−h)/l],(n−h)/l δ[(n′−h)/l],(n′−h)/l, (2.27)
where δ is Kronecker delta function, and [x] is integer part of x. The optical tomogram
of the state ρ(τ), using Eq. (2.5), takes the form
ωl,h (Xθ, θ, τ) =
∞∑
n,n′=0
ρn,n′(τ) 〈Xθ, θ|n〉〈n′ |Xθ, θ〉 . (2.28)
The expression (2.28) for the optical tomogram has been simplified to
ωl,h (Xθ, θ, τ) =
e−Xθ
2
√
pi
∞∑
n,n′=0
ρn,n′(τ)
Hn(Xθ)Hn′(Xθ)
2(n+n′)/2
√
n!n′!
e−i (n−n
′)θ, (2.29)
where we have used the quadrature representation 〈Xθ, θ|n〉 of the Fock state |n〉,
〈Xθ, θ|n〉 = 1
pi1/4 2n/2
e−Xθ
2/2
√
n!
Hn(Xθ)e
−i n θ.
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In the above equations Hn(·) denotes the Hermite polynomial of order n. Substituting
Eq. (2.27) in Eq. (2.29) we get the optical tomogram of the state |ψl,h〉 under phase
damping as
ωl,h (Xθ, θ, τ) =
l2N2l,h exp
[−X2θ − |α|2]√
pi
∞∑
n,n′=0
αn α∗n
′
Hn(Xθ)Hn′(Xθ) e
−i (n−n′)θ
n!n′! 2(n+n′)/2
× exp
[
− (n− n′)2 κτ
]
δ[(n−h)/l],(n−h)/l δ[(n′−h)/l],(n′−h)/l. (2.30)
θ
θ
θ
(a)
(b)
i) κτ = 0.01 ii) κτ = 0.1 iii) κτ = 0.3 iv) κτ →∞
Xθ XθXθ Xθ
θ(d)
()
Figure 2.7: Optical tomograms of the coherent state and superposed coherent
states |ψl,h〉 in the presence of phase damping for (a) l = 1, (b)
l = 2, (c) l = 3, and (d) l = 4 at times (i) κτ = 0.01, (ii) κτ = 0.1,
(iii) κτ = 0.3, and (iv) κτ → ∞. For all these plots h = 0 and
|α|2 = 20.
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For reference, we have plotted the effect of phase damping on the optical tomo-
gram of a coherent state |α〉 with field strength |α|2 = 20 in Fig. 2.7(a). In Figs. 2.7(b)-
2.7(d) we show the optical tomogram of the state |ψl,0〉 in the presence of phase damping
at different times κτ (scaled time) for l = 2, 3 and 4, respectively. For all these plots,
the value of the coupling constant κ is taken to be 0.01. Here we see that the sinusoidal
strands in the optical tomogram of the state retain their structure only for a short time
κτ .
In the long-time limit ρt(τ → ∞), the optical tomograms ω (Xθ, θ, τ →∞)
of the the initial superposed coherent states |ψl,h〉 is given by
ωl,h (Xθ, θ, τ →∞) =
l2N2l,h e
−Xθ2−|α|2
√
pi
∞∑
n=0
|α|2n H2n(Xθ)
2n (n!)2
δ[(n−h)/l],(n−h)/l. (2.31)
The above optical tomogram is independent of the phase θ; this is displayed in the
last column of Fig. 2.7. We have repeated the above analysis for the state |ψl,h〉 with
l > 4 and found the similar results. The optical tomogram of the states, in the long-time
scales, show a completely different structure for amplitude damping and phase damping
models of the decoherence. This can be used to understand the type of interaction the
system is having with its environment.
2.5 Conclusion
We have studied the optical tomogram of a linear superposition of coherent
states. A closed-form analytical expression for the optical tomogram of the superposed
coherent states is derived. We have shown that the signatures of the macroscopic super-
position states are captured in the optical tomogram. In general, the optical tomogram
of a macroscopic superposition state composing l coherent states shows a structure with
l sinusoidal strands. Interactions of the system with its environment are inevitable in a
real experimental setting, and we found the manifestations of decoherence directly in
the optical tomogram. Our analytical results may provide an opportunity for the ex-
perimentalist to compare and verify the experimentally obtained optical tomogram of
superposed coherent states with that of the theoretical one. Theoretical results on deco-
herence can be used to find out how much the decoherence models capture the effects
of environmental interactions in an actual experimental setting. The results presented
22
in this chapter will be useful for the characterization of the wave-packet fractional re-
vival as it is associated with the generation of the macroscopic superposition states.
Wave-packet propagation in a nonlinear medium provides us a good framework for il-
lustrating this aspect. Therefore, in the next chapter, we extend our investigation to the
optical tomogram of an initial wave packet evolving in a nonlinear medium.
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CHAPTER 3
VISUALIZING REVIVALS AND FRACTIONAL
REVIVALS USING AN OPTICAL TOMOGRAM
3.1 Introduction
The aim of this chapter is twofold: first, to find the signatures of revivals and
fractional revivals directly in the optical tomogram, which in turn can help experimen-
talists avoid the errors that can accumulate during the reconstruction process, and sec-
ond, to study the effects of amplitude decay and phase damping models of decoherence
on the optical tomogram of the states at the instants of fractional revivals. The revival
time and fractional revival times of the wave packet evolution are associated with, re-
spectively, the first- and second-order terms in the Taylor series expansion of the energy
spectrum, En, around the energy En0 corresponding to the peak of the initial wave
packet. Hence, it is sufficient to consider the wave packet evolution governed by an
effective Hamiltonian whose energy eigenvalues are at most quadratic functions of n.
We consider the dynamics of a single-mode field governed by a nonlinear Hamiltonian
H = ~χa†
2
a2 = ~χN(N− 1), (3.1)
where a and a† are the usual photon annihilation and creation operators, respectively,
N = a†a, and χ is a positive constant. The eigenstates of the operator N are the Fock
states |n〉, where n = 0, 1, . . . , ∞. The numerical value of χ merely sets the time
scale. Here, and in the rest of this thesis, ~ has been set equal to unity. The Hamiltonian
given above is physically relevant in the context of the propagation of a single-mode
field in a Kerr-like medium (Milburn, 1986; Kitagawa and Yamamoto, 1986). For ready
reference, in next section, we review some of the relevant results pertaining to revivals
and fractional revivals of an initial coherent state propagating in the Kerr-like medium.
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3.2 Collapse and revival of an initial coherent state evolv-
ing in a Kerr-like medium
Consider the evolution of an initial coherent state, |ψ(0)〉 = |α〉, in a Kerr-like
medium governed by the Hamiltonian in Eq. (3.1). The coherent state can be repre-
sented in the Fock state basis as
|ψ(0)〉 = |α〉 = e−|α|2/2
∞∑
n=0
αn√
n!
|n〉 . (3.2)
The state of the field at any instant t can be written as
|ψ(t)〉 = U(t) |ψ(0)〉 , (3.3)
where the unitary time evolution operator corresponding to the Hamiltonian in Eq. (3.1)
is given by
U(t) = exp [−iχtN(N − 1)] . (3.4)
Substituting Eq. (3.2) in Eq. (3.3), we get
|ψ(t)〉 = e−|α|2/2
∞∑
n=0
αne−iχtn(n−1)√
n!
|n〉 . (3.5)
Collapses and revivals of wave packets are observed during the evolution of wave pack-
ets in the medium. It can be shown that the state |ψ(t)〉 given in Eq. (3.5) revives
periodically with revival time Trev = pi/χ. It also shows fractional revivals when the
wave packet is split into a finite number of scaled copies of initial wave packet. Be-
tween time t = 0 and t = Trev, |ψ(t)〉 shows k-subpacket fractional revivals at times
t = jpi/kχ, (3.6)
where j = 1, 2, . . . , (k − 1) for a given value of k(> 1) with the condition that j and k
are mutually prime integers. Here onwards we use the notation (r, s) = 1 to denote the
two mutually prime integers r and s.
The time evolution operator U(t) at fractional revival time t = pi/kχ (where k
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is an integer), given by
U (pi/kχ) = exp
[
−ipi
k
N(N− 1)
]
, (3.7)
possesses interesting periodicity properties. This follows from the fact that the eigen-
values of the operator N (denoted by N) are integers. For odd integer values of k,
exp
[
−ipi
k
(N + k)(N + k − 1)
]
= exp
[
−ipi
k
N(N − 1)
]
. (3.8)
Similarly, for even integer values of k,
exp
[
−ipi
k
(N + k)2
]
= exp
[
−ipi
k
N2
]
. (3.9)
As a result, U (pi/kχ) can be expanded in a Fourier series with ei 2pis/k as basis functions,
i.e,
exp
[
−ipi
k
N(N − 1)
]
=
k−1∑
s=0
fs exp
(
−i 2pis
k
N
)
(3.10)
for odd integer values of k, and
exp
[
−ipi
k
N2
]
=
k−1∑
s=0
gs exp
(
−i 2pis
k
N
)
(3.11)
for even integer values of k. The Fourier coefficients fs and gs in the above expansion
are given by (Tara et al., 1993)
fs =
1√
k
exp
[
i pis(s+ 1)
k
]
exp
[−i pi (k2 − 1)
4k
]
, (3.12)
gs =
1√
k
exp
[
i pis2
k
]
exp
[
−i pi
4
]
. (3.13)
Using the above equations and the equation
eiχN |α〉 = ∣∣α eiχ〉 , (3.14)
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we get the state at the instants of k-subpacket fractional revival time t = pi/kχ as
|ψ(pi/kχ)〉 = ∣∣ψ(k)〉 =


∑k−1
s=0 fs
∣∣α e−i 2pis/k〉 if k is odd∑k−1
s=0 gs
∣∣α ei pi/k e−i 2pis/k〉 if k is even. (3.15)
Thus, at k-subpacket fractional revival times a discrete superposition of k coherent
states are generated. For example, at time t = Trev/4
∣∣ψ(4)〉 = 1√
8
[
(1− i) ∣∣α ei pi/4〉 + √2 ∣∣α e−i pi/4〉
− (1− i) ∣∣α e−i 3pi/4〉 + √2 ∣∣α ei 3pi/4〉] , (3.16)
which is a superposition of four coherent states.
It has been shown that the distinctive signatures of k-subpacket fractional re-
vivals are captured in the kth moment of position and momentum operators, given by
xˆ =
(a+ a†)√
2
and pˆ =
(a− a†)
i
√
2
, (3.17)
respectively, but not in lower moments (Sudheesh et al., 2004). The k-subpacket frac-
tional revivals are also captured in the higher (> k) moments of xˆ or pˆ. Revival and
fractional revival phenomena have been examined as well by information entropic ap-
proach. Studies based on the Rényi uncertainty relation for the fractional revivals of
infinite square well potential and quantum bouncer have been reported in (Romera and
de los Santos, 2008; de los Santos et al., 2010).
We calculate the Rényi entropy in position and momentum coordinate spaces
to find the siganture of revivals and fractional revivals for an initial cohrent state evolv-
ing in the Kerr-like medium (Rohith and Sudheesh, 2014). The Rényi entropy is defined
in terms of a generalized probability density f(x) as (Bialynicki-Birula, 2006)
R
(ζ)
f ≡
1
1− ζ ln
∫ ∞
−∞
[f(x)]ζdx for 0 < ζ <∞. (3.18)
In terms of the probability density in position and momentum spaces, ρ(x) = |ψ(x)|2
and γ(p) = |φ(p)|2, respectively, the Rényi uncertainty relation is given by
R(ζ)ρ +R
(η)
γ ≥ −
1
2(1− ζ) ln
ζ
pi
− 1
2(1− η) ln
η
pi
, (3.19)
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with the condition 1/ζ + 1/η = 2. As ζ → 1 and η → 1 the Rényi uncertainty relation
reduces to Shannon’s, Sρ+Sγ ≥ 1+ln(pi). For a Gaussian wave packet (For example, a
coherent state), the sum of the Rényi entropiesR(ζ)ρ +R(η)γ reaches its lower bound. The
entropy function takes local minima at fractional revival times and thus the signatures of
fractional revivals are given by the local minima ofR(ζ)ρ (t)+R(η)γ (t) (Romera and de los
Santos, 2007). We calculate the sumR(ζ)ρ +R(η)γ for the time-evolved state |ψ(t)〉, given
in Eq. (3.5). The coordinate and momentum space representations of the state |ψ(t)〉
can be written as
ψ(x, t) = e−|α|
2/2
∞∑
n=0
αnHn(x) e
−x2/2
n!
√
2n
√
pi
e−iχtn(n−1) (3.20)
and
φ(p, t) = e−|α|
2/2
∞∑
n=0
(−i α)nHn(p) e−p2/2
n!
√
2n
√
pi
e−iχtn(n−1), (3.21)
respectively. In order to evaluate the Rényi entropies in conjugate spaces from Eqs. (3.20)
and (3.21), the integral in Eq. (3.18) is evaluated numerically by means of trapezoidal
rule. We choose ζ = 2/3 and η = 2 for the calculation. Figure 3.1 displays the time
evolution ofR(2/3)ρ +R(2)γ for an initial coherent state in a Kerr-like medium. In this fig-
ure we have plotted up to Trev/2 because it captures all the important fractional revivals.
The main fractional revivals are denoted by the vertical dotted lines in Fig. 3.1.
R
(2
/3
)
ρ
+
R
(2
)
γ
t/Trev
Figure 3.1: Time evolution of R(2/3)ρ + R(2)γ for an initial coherent state with
|α|2 = 35. The main fractional revivals are indicated by vertical
dotted lines.
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We have seen that the signatures of revivals and fractional revivals are captured
in the quantities, such as the Wigner function, expectation values of the quadrature
variables, and Rényi entropy. However, none of these quantities are directly measurable,
and the estimation of these quantities require a faithful reconstruction of the density
matrix of the state from the optical tomogram obtained from homodyne measurements.
3.3 Signatures of revivals and fractional revivals in an
optical tomogram
In this section, we calculate the optical tomogram of the time-evolved state
given in Eq. (3.5) and look for the signatures of revivals and fractional revivals directly
in the optical tomogram. We recall from Chapter 2 that the optical tomogram of the
coherent state |α〉, given by Eq. (2.14), is a structure with a single sinusoidal strand
in the Xθ-θ plane, and the maximum intensity of the optical tomogram along the Xθ
axis occurs at Xθ =
√
2 |α|2 cos δ. Here, the quantity δ is the argument of the complex
number α. The optical tomogram of the state at any instant during the evolution of a
coherent state |α〉 is calculated by substituting Eq. (3.5) in Eq. (2.6):
ω (Xθ, θ, t) =
exp
[− |α|2 −X2θ ]√
pi
∣∣∣∣∣
∞∑
n=0
αn e−i χtn(n−1) e−i nθHn (Xθ)
n! 2n/2
∣∣∣∣∣
2
. (3.22)
In the following we analyze the optical tomogram ω (Xθ, θ, t) at the instants of frac-
tional revivals. At a k-subpacket fractional revival time t = pi/kχ, Eq. (3.22) can be
simplified to get the optical tomogram of the state
∣∣ψ(k)〉 as
ω(k) (Xθ, θ) =
1√
pi
∣∣∣∣∣
k−1∑
s=0
fs,k exp
{[
−X
2
θ
2
− |α|
2
2
− α
2
s e
−i2θ
2
+
√
2αsXθ e
−i θ
]}∣∣∣∣∣
2
,
(3.23)
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where
fs,k =


fs if k is odd
gs if k is even,
(3.24)
αs =


α e−i 2pis/k if k is odd
α eipi/k e−i 2pis/k if k is even.
(3.25)
Figures 3.2(a)-3.2(c), show the optical tomograms of the state
∣∣ψ(k)〉 for k = 2, 3,
and 4, corresponding to the two-, three-, and four-subpacket fractional revivals of the
initial coherent state, respectively. The value of the field strength |α|2 used to plot
the tomograms is 20. The state
∣∣ψ(2)〉 is a superposition of the coherent states |iα〉
and |−iα〉 with weights (1 − i)/2 and (1 + i)/2 (the Fourier expansion coefficients
in Eq. (3.15)), respectively. The optical tomogram of this state is a structure with
two sinusoidal strands. Thus, a structure with two sinusoidal strands in the optical
tomogram of the time-evolved state for an initial coherent state at Trev/2 is a signa-
ture of two-subpacket fractional revival. Note that, the optical tomogram of the states∣∣ψ(2)〉, shown in Fig. 3.2(a), is different from the optical tomogram of the even coher-
ent state, shown in Fig. 2.3(a). Along the Xθ axis, the maximum intensity of the op-
tical tomogram of the state
∣∣ψ(2)〉 occur at locations Xθ = √2 |α|2 cos(δ + pi/2) and
Xθ =
√
2 |α|2 cos(δ + 3pi/2), whereas, for an even coherent state, this occur at loca-
tionsXθ =
√
2 |α|2 cos(δ) andXθ =
√
2 |α|2 cos(δ + pi). In Fig. 3.2(a), the maximum
intensity of the optical tomogram along the Xθ axis occur at Xθ =
√
40 cos(3pi/4) and
Xθ =
√
40 cos(7pi/4), corresponding to the sinusoidal strands of |iα〉 and |−iα〉, re-
spectively. The quantum interference regions between the states |iα〉 and |−iα〉 are
reflected in the optical tomogram of the state
∣∣ψ(2)〉 at locations in the Xθ-θ plane,
where the two sinusoidal strands intersect, showing a large oscillation in the optical
tomogram.
The optical tomogram of the state
∣∣ψ(3)〉, which is a state at the three-subpacket
fractional revival, plotted in Fig. 3.2(b), displays a structure with three sinusoidal strands.
Similarly, the optical tomogram of the state
∣∣ψ(4)〉, which is a state at the four-subpacket
fractional revival, plotted in Fig. 3.2(c), shows a structure with four sinusoidal strands.
The optical tomorams of the states
∣∣ψ(3)〉 and ∣∣ψ(4)〉 are different from the optical to-
mogram of the state |ψ3,0〉 and |ψ4,0〉 (see Figs. 2.4(a) and 2.4(b)), respectively. We
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Xθ Xθ
Xθ Xθ
() t = Trev/4 (d) t = Trev/
√
2
θ
θ
(b) t = Trev/3(a) t = Trev/2
Figure 3.2: Time-evolved optical tomogram ω (Xθ, θ, t) for an initial coherent
state |α〉 with field strength |α|2 = 20 at times (a) t = Trev/2, (b)
t = Trev/3, (c) t = Trev/4, and (d) t = Trev/
√
2. At a k-subpacket
fractional revival time t = pi/kχ, the optical tomogram of the state
shows structures with k sinusoidal strands. The structures with si-
nusoidal strands are completely absent in the optical tomogram for
the collapsed state at time t = Trev/
√
2.
repeated the analysis for higher-order fractional revivals (k > 4) and found the gen-
eral result that the optical tomogram of the time-evolved state at k-subpacket fractional
revival time shows a structure with k sinusoidal strands.
During the evolution of the coherent state |α〉, the wave packet may also show
the collapse phenomenon at specific instants of time t = Trev/s, where s is any irra-
tional number (Robinett, 2004). The collapse phenomenon corresponds to the destruc-
tion of a wave packet during its evolution in a nonlinear medium due to the destructive
interference of states comprising the wave packet (Robinett, 2004; Rempe et al., 1987;
Yeazell et al., 1990; Meacher et al., 1991; Greiner et al., 2002; Kirchmair et al., 2013).
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The state at the instant of collapse is known as the collapsed state. At the instant of col-
lapse the state |ψ(t)〉 is not a finite superposition of coherent states. It has been shown
that such collapsed states of the fields are of great importance because of their high
nonclassical nature and can give a large amount of entanglement when these states are
split on a beam splitter with vacuum in the second input port (Rohith et al., 2016). To
study the nature of the optical tomogram during the collapse of the wave packet, we plot
the optical tomogram in Eq. (3.22) at collapse time t = Trev/
√
2. The optical tomo-
gram at this instant is shown in Fig. 3.2(d). The sinusoidal strands are not visible in the
optical tomogram for the collapsed state, which implies that the optical tomogram of a
collapsed state is qualitatively different from that of the state at the instants of fractional
revivals. Fig. 3.3 shows the revival of the initial state at t = Trev. We can conclude that
signatures of revivals and fractional revivals are captured in the optical tomogram of
the time-evolved states. The optical tomogram at the instants of k-subpacket fractional
revivals shows k sinusoidal strands for an initial coherent state, which has one strand in
its optical tomogram (Rohith and Sudheesh, 2015).
θ
Xθ
t = Trev
Figure 3.3: Optical tomogram ω (Xθ, θ, t) for an initial coherent state |α〉 with
field strength |α|2 = 20 at revival time t = Trev.
3.4 Decoherence
In the previous sections, we have analyzed the optical tomograms of pure quan-
tum states undergoing unitary evolution in the Kerr medium. However, real optical
nonlinearities are noisy and suffer various kinds of losses. This leads to decoherence
of the quantum states generated in the medium. In this section, we study the effect of
32
environment-induced decoherence on the optical tomogram of the time-evolved states
(the state ∣∣ψ(k)〉 given in Eq. (3.15)) at the instants of k-subpacket fractional revival
times. The density matrix of the state
∣∣ψ(k)〉 at time τ = 0 is given by
ρ(k)(τ = 0) =
∣∣ψ(k)〉 〈ψ(k)∣∣ . (3.26)
We use the amplitude decay model and the phase damping models of decoherence de-
scribed in Section 2.4 to study the decoherence dynamics of the state ρ(k).
3.4.1 Amplitude decay model
Using Eq. (2.17), the zero-temperature master equation for the density matrix
ρ(k) can written as
dρ(k)
dτ
= γ
(
2aρ(k)a† − a†aρ(k) − ρ(k)a†a) , (3.27)
where γ is the rate of decay. The solution of Eq. (3.27) is given by
ρ(k)(τ) =
k−1∑
s,s′=0
fs,k f
∗
s′,k exp
[− (|α|2 − αs α∗s′) (1− e−2γτ)] ∣∣αs e−γτ〉 〈αs′ e−γτ ∣∣ .
(3.28)
The optical tomograms of the state ρ(k)(τ) is calculated as
ω(k) (Xθ, θ, τ) =
1√
pi
k−1∑
s,s′=0
fs,k f
∗
s′,k exp
[− (|α|2 − αs α∗s′) (1− e−2γτ)]
× ζ(Xθ, θ, αs, τ) ζ∗(Xθ, θ, αs′, τ), (3.29)
where the quantities αs and ζ are defined in Eqs. (3.25) and (2.21), respectively. In
Fig. 3.4, we plot the optical tomograms of the time-evolved state at the instants of
two-, three-, and four-subpacket fractional revival times in the presence of amplitude
damping.
The structures with sinusoidal strands are not lost when the interaction of the
state with the environment is for a short duration of time. The sinusoidal strands get
close together and get distorted with an increase in time γτ and they merge for large
γτ . Figures 3.4(a)-3.4(c) show the merging of two, three, and four sinusoidal strands
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corresponding to the optical tomograms of the states
∣∣ψ(2)〉, ∣∣ψ(3)〉, and ∣∣ψ(4)〉, respec-
tively. It follows from Eq. (3.28) that, in the long-time limit, the state ρ(k) reduces to
the vacuum state for which the optical tomogram is given by Eq. (2.22). This optical
tomogram, shown in Fig. 2.6, is a structure with single straight strand. We repeated the
analysis described above for the states at the instants of higher-order fractional revivals
and found similar results.
θ(b)
θ
θ
(a)
()
i) γτ = 0.01 ii) γτ = 0.1 iii) γτ = 1.0
Xθ XθXθ
Figure 3.4: Optical tomograms of the time-evolved states at (a) two-, (b) three-,
and (c) four-subpacket fractional revival times for an initial coher-
ent state with |α|2 = 20, in the presence of amplitude damping at
(i) γτ = 0.01, (ii) γτ = 0.1, and (iii) γτ = 1.0.
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3.4.2 Phase damping model
Using Eq. (2.24), we obtain the zero-temperature master equation for the state
ρ(k) in the phase damping model as
dρ(k)
dτ
= κ
(
2Aρ(k)A† −A†Aρ(k) − ρ(k)A†A) , (3.30)
where κ is the rate of decoherence. Using Eq. (2.26), the matrix elements of ρ(k)(τ) for
the initial state ρ(k)(τ = 0) is calculated as
ρ
(k)
n,n′(τ) =
exp
[− (n− n′)2 κτ − |α|2]√
n!n′!
k−1∑
s,s′=0
fs,k f
∗
s′,k α
n
sα
∗
s′
n′ (3.31)
It is clear from above equation that the diagonal elements of the matrix ρ(k)(τ) do not
decay due to phase damping. Substituting Eq. (3.31) in Eq. (2.29), we get the optical
tomogram of the state
∣∣ψ(k)〉 under phase damping as
ω(k) (Xθ, θ, τ) =
exp
[−Xθ2 − |α|2]√
pi
∞∑
n,n′=0
Hn(Xθ)Hn′(Xθ)e
−i (n−n′)θ
2(n+n′)/2 n!n′!
×
k−1∑
s,s′=0
fs,k f
∗
s′,k α
n
sα
∗
s′
n′. (3.32)
In Fig. 3.5, we show the optical tomograms of the states at two-, three-, and four-
subpacket fractional revival times in the presence of phase damping. The sinusoidal
strands in the optical tomogram of the state retain their structure only for a short time
κτ . The phase damping shows a faster decay of the sinusoidal strands in the optical
tomogram of the states. The faster decay of the state is very noticeable in the case of
states at higher-order fractional revivals (See Fig. 3.5(c)). In the long-time limit, the
state ρ(k) reduces to
ρ(k)(τ →∞) = e−|α|2
∞∑
n=0
|α|2n
n!
|n〉 〈n| , (3.33)
and the corresponding optical tomogram reads
ω(k) (Xθ, θ, τ →∞) = e
−Xθ2−|α|2
√
pi
∞∑
n=0
|α|2n H2n(Xθ)
2n (n!)2
. (3.34)
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This optical tomogram is shown in the last column of the Fig. 2.7(a). We have repeated
the above analysis for the states at higher-order fractional revival times and found sim-
ilar results.
i) κτ = 0.01 ii) κτ = 0.1 iii) κτ = 0.3
θ(a)
θ(b)
θ()
XθXθ Xθ
Figure 3.5: Optical tomograms of the states at (a) two-, (b) three-, and (c) four-
subpacket fractional revival times in the presence of phase damp-
ing. The plots are done for (i) κτ = 0.01, (ii) κτ = 0.1, and (iii)
κτ = 0.3 with |α|2 = 20.
3.5 Conclusion
We have studied the optical tomograms of the states obtained by the evolution
of a coherent state in a Kerr-like medium. We have shown that the signatures of revivals
and fractional revivals are captured directly in the optical tomograms of the quantum
states. The optical tomogram of the time-evolved state at the instants of fractional re-
vivals shows structures with sinusoidal strands. In general, the optical tomogram of
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the time-evolved state at k-subpacket fractional revivals is a structure with k sinusoidal
strands in the Xθ-θ plane. There are no sinusoidal strands present when the initial state
collapses during the evolution. Our results will be helpful for the study of revivals and
fractional revivals directly from the optical tomogram of the states generated by homo-
dyne measurements. Since our methods avoids the reconstruction of the density matrix
or the quasiprobability distribution, more comprehensive is the information about the
state measured, and the fractional revival phenonmenon can be studied with high accu-
racy. The analysis described in this chapter can be repeated for different initial states. A
problem of considerable interest is to study in detail the revivals and fractional revivals
of initial superposed wave packets. In the next chapter, we study the fractional revivals
of superposed coherent states.
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CHAPTER 4
FRACTIONAL REVIVALS OF SUPERPOSED
COHERENT STATES
4.1 Introduction
The universal scenario of revivals and fractional revivals described in (Aver-
bukh and Perelman, 1989) applies to an arbitrary initial states, including a superposition
of several wave packets. However, the generic analytical expressions of the revival and
fractional revival phenomena, discussed in a wide class of systems (Robinett, 2004),
are mainly dealing with an initial single wave packet. A problem of considerable in-
terest is to study in detail the revivals and fractional revivals of an initial superposed
wave packets. In this chapter, we study the fractional revivals of an initial macroscopic
superposition state as it propagates through a nonlinear medium. Our aim is to investi-
gate if there is any change in the fractional revival time depending upon the number of
subpackets composing the initial superposition state. We also study how the selective
identification of the fractional revivals, using the moments of quadrature variables and
the optical tomogram of the time-evolved state, depend on the number of subpackets
composing the initial superposition state. For this purposes, we consider the propaga-
tion of an initial superposed coherent state |ψl,h〉, given in Eq. (2.2), through the Kerr
medium, governed by the Hamiltonian given in Eq. (3.1). The number state representa-
tion of the state |ψl,h〉, which we will use extensively, is given by
|ψl,h〉 = l Nl,h e−|α|2/2
∞∑
n=0
αln+h√
(l n+ h)!
|l n + h〉 . (4.1)
It consists of an arithmetic infinite progression of Fock states with suitable amplitudes,
having the state |h〉 as the initial term and a common difference equal to l between
successive terms. Such an initial state shows revivals at an integer multiple of the time
Trev = pi/χ. The dynamics of the initial state |ψl,h〉 can be analyzed using the methods
described in the previous chapter. In the subsequent sections, we discuss the dynamics
of the initial even coherent state of order l, which is the state |ψl,h〉 with h = 0.
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4.2 Evolution of the even coherent state of order 2
Consider the evolution of an initial even coherent state of order 2, obtained by
setting l = 2 and h = 0 in Eq. (2.2):
|ψ2,0〉 = N2,0 [|α〉+ |−α〉] . (4.2)
The corresponding Fock state representation of the even coherent state of order 2 is
given by
|ψ2,0〉 = 2N2,0 e−|α|2/2
∞∑
n=0
α2n√
(2n)!
|2n〉 . (4.3)
The Fock state representation of the even coherent state of order 2 contains only the
even photon excitations.
The state at time t for an initial even coherent state |ψ2,0〉 is given by
|ψ2,0(t)〉 = 2N2,0 e−|α|
2/2
∞∑
n=0
α2n√
(2n)!
e−iχt 2n(2n−1) |2n〉 (4.4)
At time t = Trev/k = pi/kχ, the state |ψ2,0(t)〉 can be written as
|ψ2,0(t = Trev/k)〉 =
∣∣∣ψ(k)2,0〉 = k−1∑
s=0
1∑
r=0
fs,k |αr,s〉 , (4.5)
where fs,k is defined in Eq. (3.24) and
αr,s =


α ei (pir−2pis/k) if k is odd
α ei (pir−2pis/k) eipi/k if k is even.
(4.6)
See Eq. (A.5) in Appendix A for more details. Between t = 0 and t = Trev, at t =
jTrev/4, where j = 1, 2, and 3, the state is again an even coherent state of order 2 but
rotated in phase space:
|ψ(Trev/4)〉 = N2,0
[ ∣∣α e−ipi/4〉+ ∣∣−α e−ipi/4〉 ], (4.7)
|ψ(Trev/2)〉 = N2,0
[ ∣∣α eipi/2〉+ ∣∣−α eipi/2〉 ], (4.8)
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|ψ(3Trev/4)〉 = N2,0
[ ∣∣αeipi/4〉+ ∣∣−αeipi/4〉 ]. (4.9)
The k subpackets composing the superposition state
∣∣ψ(k)〉 can be visualized in phase
space using the Wigner function of the state. The Wigner function of a state |ψ〉 is
defined as (Wigner, 1932; Agarwal and Wolf, 1970)
W (β) =
2 e2|β|
2
pi2
∫
d2z〈−z |ψ〉〈ψ| z〉 e2(z∗β−zβ∗), (4.10)
where |z〉 is a coherent state. In terms of the position x and momentum p, the complex
variable β = (x+ i p)/
√
2. The Wigner function of the state
∣∣∣ψ(k)2,0〉 is calculated as
W
(k)
2,0 (β) =
2 e2|β|
2−|α|2
pi
k−1∑
s,s′=0
1∑
r,r′=0
fs,k f
∗
s′,k e
−(2β−αr,s)(2β∗−αr′,s′). (4.11)
This equation can be obtained from the Eq. (A.12) in Appendix A for the case l = 2
and h = 0. Figure 4.1 shows the Wigner function of the initial state |ψ2,0〉 and the state∣∣∣ψ(4)2,0〉 with |α|2 = 20. The value of the argument of α is set to be δ = pi/4 throughout
this chapter. The unitary time evolution operator at t = Trev/4 rotates the initial even
coherent state of order 2 through an angle of 45 degrees in the clockwise direction in
phase space.
x x
p p
(a) t = 0 (b) t = Trev/4
Figure 4.1: Wigner function at times (a) t = 0 and (b) t = Trev/4, for an
initial even coherent state |ψ2,0〉 with |α|2 = 20. The unitary time
evolution operator at t = Trev/4 rotates the initial even coherent
state through an angle of 45 degrees in the clockwise direction in
phase space.
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Here, we find that the k-subpacket fractional revival occurs at time t = j Trev/4k
where j = 1, 2, . . . , (4k − 1) for a given value of k(> 1) with (j, 4k) = 1. At
k-subpacket fractional revival time, the initial wave packet splits into k phase rotated
even coherent states of order 2 (Rohith and Sudheesh, 2014). In contrast, we have seen
in Chapter 3 that for an initial coherent state k-subpacket fractional revival occurs at
t = jTrev/k, where j = 1, 2, . . . , (k − 1) for a given value of k(> 1) with (j, k) = 1.
For example, the two-subpacket fractional revival for an initial even coherent state of
order 2 occurs at time t = Trev/8 and the state at this time is a superposition of two
even coherent state of order 2,
∣∣∣ψ(8)2,0〉 =C1N2[ ∣∣α eipi/8〉+ ∣∣−α eipi/8〉 ]
+ C2N2
[ ∣∣α e−i3pi/8〉+ ∣∣−α e−3ipi/8〉 ], (4.12)
where C1 = (1− i)/2 and C2 = (1 + i)/2. Figure 4.2 clearly shows a superposition of
two even coherent state of order 2 at time t = Trev/8.
x
p
Figure 4.2: Wigner function at two-subpacket fractional revival time t =
Trev/8 for an initial even coherent state of order 2 with |α|2 = 20.
All odd moments of the operators xˆ and pˆ vanish at all times for the initial even
coherent state of order 2. The expectation value of xˆ2 at any time can be obtained as
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explicit functions of t in the form
〈
xˆ2(t)
〉
=2N22,0 |α|2
[
e−|α|
2(1−cos 4χt) cos
(
2χt + |α|2 sin 4χt− pi
4
)
+ e−|α|
2(1+cos(4χt)) cos
(
2χt− |α|2 sin (4χt)− pi
4
) ]
+ |α|2 + 1
2
. (4.13)
Between t = 0 and Trev, the above expression for 〈xˆ2〉 is static most of the time except
at t = Trev/4, Trev/2 and 3 Trev/4, for sufficiently large value of |α|2. Thus, the second
moment of the position operator xˆ2 captures the signatures of wave-packet rotations in
phase space at times Trev/4, Trev/2 and 3 Trev/4. Figure 4.3 shows the variation of the
expectation value 〈xˆ2〉 versus time for the initial even coherent state of order 2.
〈 xˆ2〉
t/Trev
Figure 4.3: 〈xˆ2(t)〉 as a function of t/Trev for an initial even coherent state
|ψ2,0〉 with |α|2 = 100. Between time t = 0 and Trev, the sec-
ond moment of the position operator is a constant most of the time
except at times Trev/4, Trev/2, and 3Trev/4. At these instants, the
second moment shows a rapid variation, which are the signatures
of wave-packet rotations.
The expressions for the 2kth moments of xˆ and pˆ can be deduced readily from
the general result
〈
a2k
〉
=2N22,0 α
2k exp [−i 2k(2k − 1)χt]{exp [− |α|2 (1− cos 4kχt)− i |α|2 sin 4kχt]
+exp
[− |α|2 (1 + cos 4kχt) + i |α|2 sin 4kχt]} , (4.14)
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where k is a positive integer. The time dependence of the 2kth moments of xˆ are strongly
controlled by the factors exp
[− |α|2 (1± cos 4kχt)], k = 1, 2, . . . , that modulates the
oscillatory term.
(a)
〈 xˆ4〉
t/Trev(b)
t/Trev
〈 xˆ6〉
Figure 4.4: Temporal evolution of higher moments of xˆ for an initial even co-
herent state |ψ2,0〉with |α|2 = 100. (a) Between t = 0 and t = Trev,
〈xˆ4(t)〉 is a constant most of the time except at t = j Trev/8,
where j = 1, 2, . . . , 7. At these instants, the fourth moment of xˆ
show a rapid variation, which are the signatures of two-subpacket
fractional revival and wave-packet rotations. (b) In this figure
we have plotted between t = 0 and Trev/2 for a better view.
〈xˆ6(t)〉 is a constant most of the time except at t = j Trev/12,
where j = 1, 2, . . . , 6. At these instants, the sixth moment of xˆ
show a rapid variation, which are the signatures of three- and two-
subpacket fractional revivals, and wave-packet rotations.
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Between t = 0 and t = Trev, these factors act as a strong damping factor
for large values of |α|2, except at fractional revival times t = jTrev/4k. It can be
concluded that the k-subpacket fractional revivals are captured in the 2kth moment of
xˆ or pˆ, but not in lower moments, in contrast with the case of an initial coherent state.
These results are illustrated in Fig. 4.4. Figure 4.4(a) shows the temporal evolution
of the expectation value 〈xˆ4〉. It shows rapid oscillations around t/Trev = j/8, where
j = 1, 2, . . . , 7, between t = 0 and Trev. Therefore the fourth moment of xˆ versus
time captures the signature of the two-subpacket fractional revivals at t/Trev = j/8
where j = 1, 2, . . . , 7 with (j, 8) = 1 and wave-packet rotations at t/Trev = j/4 where
j = 1, 2, 3. Figure 4.4(b) is a plot of 〈xˆ6〉 versus time, which shows the signatures of
the three-subpacket fractional revival.
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Figure 4.5: Time evolution of R(2/3)ρ +R(2)γ for an initial even coherent state of
order 2 with |α|2 = 30. The main fractional revivals are indicated
by vertical dotted lines.
The signatures of fractional revivals are identified by tracking the time evolu-
tion of the sum of Rényi entropies in conjugate spaces. We study the time evolution of
the sum R(2/3)ρ + R(2)γ , where R(2/3)ρ and R(2)γ are the Rényi entropies in position and
momentum spaces, respectively. The Rényi entropies R(2/3)ρ and R(2)γ are calculated
by plugging the probability densities of the state |ψ2,0(t)〉 in position and momentum
spaces, that is |ψ2,0(x, t)|2 and |φ2,0(p, t)|2, respectively, in Eq. (3.18). The integrations
are performed numerically by using the trapezoidal rule. Figure 4.5 shows the sum of
the Rényi entropies in position and momentum spaces as a function of time for an ini-
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tial even coherent state |ψ2,0〉 with |α|2 = 30. The signatures of fractional revivals are
indicated by the local minima of the sum R(2/3)ρ +R(2)γ .
Next, we study the optical tomogram of the time-evolved state |ψ2,0(t)〉 given
in Eq. (4.4). The time-evolved optical tomogram for initial even coherent state |ψ2,0〉 is
calculated as
ω2,0 (Xθ, θ, t) =
4N22,0 e
−|α|2 e−X
2
θ
√
pi
∣∣∣∣∣
∞∑
n=0
α2nH2n (Xθ) e
−i 2nθ e−i χt 2n(2n−1)
(2n)! 2n
∣∣∣∣∣
2
. (4.15)
At time t = 0, the Eq. (4.15) gives the optical tomogram of the even coherent state
|ψ2,0〉, which is a structure with two sinusoidal strands in theXθ-θ plane (see Fig. 2.3(a)).
(a) t = Trev/8 (b) t = Trev/4
Xθ Xθ
θ
() t = Trev/2 (d) t = Trev/
√
2
θ
XθXθ
Figure 4.6: Time-evolved optical tomogram ω2,0 (Xθ, θ) of the initial even co-
herent state |ψ2,0〉 with |α|2 = 20 at (a) t = 0, (b) t = Trev/8, (c)
t = Trev/4, (d) t = Trev/2, (e) t = Trev/
√
2, and (f) Trev, respec-
tively. At the instants of k-subpacket fractional revivals, the optical
tomogram of the time-evolved state of the initial even coherent state
of order 2 displays a structure with 2k sinusoidal strands.
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In Figs. 4.6(a)-4.6(d), we plot the optical tomogram given in Eq. (4.15) at
different instants during the evolution of the initial even coherent state |ψ2,0〉 in the
medium. Figure 4.6(a) shows the optical tomogram of the time-evolved state at Trev/8,
which corresponds to two-subpacket fractional revival. It displays a structure with four
sinusoidal strands, which is a signature of two-subpacket fractional revival for the initial
even coherent state |ψ2,0〉. The time-evolved optical tomogram for initial even coherent
state |ψ2,0〉 is also analyzed at higher-order fractional revival times, and we found that, at
the instants of k-subpacket fractional revivals, the optical tomogram of the time-evolved
state for the initial even and odd coherent state displays a structure with 2k sinusoidal
strands (Rohith and Sudheesh, 2015).
Xθ
θ
t = Trev
Figure 4.7: Time-evolved optical tomogram ω2,0 (Xθ, θ) of the initial even co-
herent state |ψ2,0〉 with |α|2 = 20 at revival time t = Trev
At the instants of rotated wave packets, the state is again a superposition of two
coherent states. Figures 4.6(b) and 4.6(c) show the optical tomogram of rotated wave
packets at time t = Trev/4 and Trev/2. The optical tomogram shows a structure with two
sinusoidal strands, as expected. These tomograms are qualitatively different from the
optical tomogram shown in Fig. 2.3(a). The locations of the sinusoidal strands, where
the maximum intensity of the optical tomogram along the Xθ axis occurs, in these
optical tomograms are shifted due to the phase-space rotation of the quantum states
during the evolution of the initial even coherent state |ψ2,0〉 in the medium. Figure 4.6(d)
shows the optical tomogram of a collapsed state at time t = Trev/
√
2, which again
confirms our result that sinusoidal strands are absent in the optical tomogram of the
collapsed state. The optical tomogram of the time-evolved state at the revival time is
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shown in Fig. 4.7. Our analysis shows a clear distinction between the time evolution of
an initial coherent state, presented in the previous chapter, and the initial even coherent
state of order 2. In the next section we study the dynamics of the initial even coherent
state of order 3.
4.3 Evolution of the even coherent state of order 3
Setting l = 3 and h = 0 in Eq. (2.2), we obtain the even coherent state of order
3 (Peng and Guo, 1990; Napoli and Messina, 1999) as
|ψ3,0〉 = N3,0
[|α〉+ ∣∣α ei2pi/3〉+ ∣∣α e−i2pi/3〉] . (4.16)
Its Fock state representation is given by
|ψ3,0〉 = 3N3,0 e−|α|2/2
∞∑
n=0
α3n√
3n!
|3n〉 . (4.17)
The state at time t for an initial state |ψ3,0〉 is given by
|ψ3,0(t)〉 = 3N3,0 e−|α|
2/2
∞∑
n=0
α3n√
(3n)!
e−iχt 3n(3n−1) |3n〉 . (4.18)
At time t = Trev/k = pi/kχ, the state |ψ3,0(t)〉 can be written as
|ψ3,0(t = Trev/k)〉 =
∣∣∣ψ(k)3,0〉 = k−1∑
s=0
2∑
r=0
fs,k |αr,s〉 , (4.19)
where
αr,s =


α ei 2pi(r/3−s/k) if k is odd
α ei 2pi(r/3−s/k) eipi/k if k is even.
(4.20)
See Eq. (A.5) in Appendix A for more details. The time evolution of the initial state
|ψ3,0〉 shows fractional revivals and rotations at different instants when compared to
the initial coherent state and the initial even coherent state of order 2. For the initial
state |ψ3,0〉, the rotations in phase space occur at t = jTrev/9, where j = 1, 2, . . . , 8,
between t = 0 and t = Trev. It is necessary to bear in mind that, for initial coherent
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state there is no rotation and for an initial even coherent state of order 2 the rotations
occur at t = jTrev/4, where j = 1, 2, and 3. For example, at time t = Trev/9 the initial
state |ψ3,0〉 evolves to
∣∣∣ψ(9)3,0〉 = N3,0 [∣∣α e−i2pi/9〉+ ∣∣α ei4pi/9〉+ ∣∣α e−i8pi/9〉] . (4.21)
The Wigner function of the state
∣∣∣ψ(k)3,0〉 is calculated as
W
(k)
3,0 (β) =
2 e2|β|
2−|α|2
pi
k−1∑
s,s′=0
2∑
r,r′=0
fs,k f
∗
s′,k e
−(2β−αr,s)(2β∗−αr′,s′). (4.22)
Figure 4.8 shows the plots of the Wigner function for the states |ψ3,0〉 and
∣∣∣ψ(9)3,0〉. The
unitary time evolution operator at t = Trev/9 rotates the initial state through an angle of
40 degrees (2pi/9 radians) in the clockwise direction in phase space.
p
x
(b) t = Trev/9
x
p
(a) t = 0
Figure 4.8: Wigner function at times (a) t = 0 and (b) t = Trev/9 for the initial
state |ψ3,0〉 with |α|2 = 20. Both the figures show a superposition
of three coherent states. The unitary time evolution operator at t =
Trev/9 rotates the initial state through an angle of 40 degrees (2pi/9
radians) in the clockwise direction in phase space.
In this case, the k-subpacket fractional revival occurs at time t = j Trev/9k,
where j = 1, 2, . . . , (9k − 1), for a given value of k(> 1) with (j, 9k) = 1. For
example, two-subpacket fractional revival for an initial state occurs at t = Trev/18, and
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the state at this time is a superposition of two states of the form |ψ3,0〉:
|ψ(Trev/18)〉 =C1N3
[∣∣α e−i11pi/18〉 + ∣∣α eipi/18〉+ ∣∣α ei13pi/18〉]
+ C2N3
[∣∣α e−i17pi/18〉+ ∣∣α e−i5pi/8〉+ ∣∣α ei7pi/18〉] , (4.23)
where C1 = (1 − i)/2 and C2 = (1 + i)/2. Figure 4.9 clearly shows a superposition
of two initial states of the form given in Eq. (4.16) with different α values as given in
Eq. (4.23) at t = Trev/18.
x
p
Figure 4.9: Wigner function at two-subpacket fractional revival time t =
Trev/18 for the initial state |ψ3,0〉 with |α|2 = 20. It shows a su-
perposition of two initial states of the form |ψ3,0〉.
Only the 3kth (where k = 1, 2, . . . ) moment of xˆ and pˆ gives non-zero value
and all other moments are identically equal to zero at all times for the initial state |ψ3,0〉.
The expectation value of xˆ3 at any time for an initial state |ψ3,0〉 is
〈
xˆ3(t)
〉
=3N23,0 |α|3
[
e−|α|
2(1−cos 6χt) cos
(
6χt+ |α|2 sin 6χt− 3pi/4)
+ e−|α|
2(1−sin(6χt−pi/6)) cos
(
6χt+ |α|2 cos (6χt+ pi/6)− 3pi/4)
+ e−|α|
2(1+sin(6χt+pi/6)) cos
(
6χt− |α|2 cos (6χt− pi/6)− 3pi/4)] . (4.24)
Between t = 0 and Trev, the above expression for 〈xˆ3〉 is zero most of the times except
at t = jTrev/9, where j = 1, 2, . . . , 8 for sufficiently large value of |α|2. These instants
correspond to wave-packet rotations in phase space. Figure 4.10 shows the variation
of the expectation value 〈xˆ3〉 versus time for the initial state |ψ3,0〉. It shows that the
wave-packet rotations in phase space are captured in the third moment of xˆ.
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t/Trev
〈 xˆ3〉
Figure 4.10: 〈xˆ3(t)〉 as a function of t/Trev for the initial state |ψ3,0〉 with
|α|2 = 100. Between t = 0 and Trev, the third moment of xˆ is
a constant most of the time except at t = jTrev/9 where j = 1, 2,
. . . , 8. At these instants of time, the time-evolved state is a rotated
initial wave packet.
The expressions for the higher moments of xˆ and pˆ can be deduced readily
from the general result
〈
a3k
〉
=3N23,0α
3k exp [−i 3k(3k − 1)χt]{exp [− |α|2 (1− cos 6kχt)− i |α|2 sin 6kχt]
+exp
[− |α|2 (1− sin(6kχt− pi/6))− i |α|2 cos(6kχt + pi/6)]
+exp
[− |α|2 (1 + sin(6kχt+ pi/6)) + i |α|2 cos(6kχt− pi/6)]} . (4.25)
The time dependence of 3kth moments of the operator xˆ is strongly controlled by the
factors exp
[− |α|2 (1− cos 6kχt)] and exp [− |α|2 (1± sin(6kχt− pi/6))], where k
is a positive integer, that modulates the oscillatory term. Between t = 0 and t = Trev,
these factors act as a strong damping factor for large values of |α|2, except at fractional
revival times t = jTrev/9k. It can be concluded that the k-subpacket fractional revivals
are captured in the 3kth moment of xˆ or pˆ. These results are illustrated in Fig. 4.11.
Figure 4.11(a) shows the temporal evolution of the expectation value 〈xˆ6(t)〉. We have
plotted the graph in between t = 0 and Trev/2 for a better view. It confirms that the sixth
moment of xˆ captures the signatures of two-subpacket fractional revival and rotations.
Figure 4.11(b) is a plot of 〈xˆ9(t)〉 versus time which shows the signatures of three- and
two-subpacket fractional revivals and rotations.
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(b)
〈 xˆ9〉
t/Trev
(a)
〈 xˆ6〉〈 xˆ6〉
〈 xˆ9〉
t/Trev
Figure 4.11: Temporal evolution of higher moments of xˆ for an initial state
|ψ3,0〉 with |α|2 = 100 between time t = 0 and Trev/2. (a)
〈xˆ6(t)〉 is a constant most of the time except at t = j Trev/18,
where j = 1, 2, . . . , 9. At these instants, the sixth moment of
xˆ show a rapid variation, which are the signatures two-subpacket
fractional revival and wave-packet rotations. (b) 〈xˆ9(t)〉 is a con-
stant most of the time except at t = j Trev/27, where j = 1, 2, . . . ,
13. At these instants, the ninth moment of xˆ show a rapid varia-
tion, which are the signatures of three-, two-subpacket fractional
revivals and rotations.
Figure 4.12 shows the sum of the Rényi entropies in conjugate spaces, R(2/3)ρ +
R
(2)
γ , as a function of time for the initial state |ψ3,0〉 with |α|2 = 30. It confirms our
analysis based on the expectation values. The main fractional revivals are indicated by
vertical dotted lines in the figure.
The time evolution of the optical tomogram for the initial state |ψ3,0〉 is calcu-
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Figure 4.12: Time evolution of R(2/3)ρ + R(2)γ for the initial state |ψ3,0〉 with
|α|2 = 30. The main fractional revivals are indicated by vertical
dotted lines.
lated as
ω3,0 (Xθ, θ, t) =
9N23,0 exp
[− |α|2 −X2θ ]√
pi
∣∣∣∣∣
∞∑
n=0
α3nH3n (Xθ) e
−iχt 3n(3n−1) e−i3nθ
(3n)! 23n/2
∣∣∣∣∣
2
.
(4.26)
At time t = 0, the Eq. (4.26) gives the optical tomogram of the state |ψ3,0〉, which
is a structure with three sinusoidal strands in the Xθ-θ plane (see Fig. 2.4(a)). In
Figs.4.13(a)-4.13(d), we plot the optical tomogram given in Eq. (4.26) at different in-
stants during the evolution of the state |ψ3,0〉 in Kerr-like medium. For better resolution
of the sinusoidal strands in the optical tomogram, we increase the value of |α|2 to 35.
Figure 4.13(a) shows the optical tomogram of the time-evolved state at Trev/18, which
corresponds to two-subpacket fractional revival for the initial state |ψ3,0〉. It displays
a structure with six sinusoidal strands, which is a signature of the two-subpacket frac-
tional revival for the initial state |ψ3,0〉. The optical tomogram of the time-evolved state
for initial state |ψ3,0〉 has also been analyzed at higher-order fractional revival times and
we found that, at the instants of k-subpacket fractional revivals, the optical tomogram of
the time-evolved state for the initial state |ψ3,0〉 displays a structure with 3k sinusoidal
strands.
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(a) t = Trev/18
θ
Xθ
() t = 2Trev/9
θ
Xθ
(b) t = Trev/9
(d) t = Trev/
√
2
Xθ
Xθ
Figure 4.13: Time-evolved optical tomogram ω3,0 (Xθ, θ, t) for the initial state
|ψ3,0〉 with |α|2 = 35 at times (a) t = Trev/18, (b) t = Trev/9, (c)
t = 2Trev/9, and (d) t = Trev/
√
2, respectively. At the instants of
k-subpacket fractional revivals, the optical tomogram of the time-
evolved state of the initial even coherent state displays a structure
with 3k sinusoidal strands.
Figures 4.13(b) and 4.13(c) show the optical tomograms of the rotated initial
wave packet at times t = Trev/9 and t = 2Trev/9, respectively. The optical tomograms
at these instants display a structure with three sinusoidal strands. These optical tomo-
grams are qualitatively different from the optical tomogram of the initial state |ψ3,0〉.
The optical tomogram of a collapsed state at time t = Trev/
√
2 for initial state |ψ3,0〉 is
shown in Fig.4.13(d). The sinusoidal strands are absent in the optical tomogram of the
collapsed state. The optical tomogram of the time-evolved state at revival time is shown
in Fig. 4.14.
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Xθ
θ
t = Trev
Figure 4.14: Time-evolved optical tomogram ω3,0 (Xθ, θ, t) for the initial state
|ψ3,0〉 with |α|2 = 35 at revival time t = Trev.
So far, we have investigated the dynamics of the initial even coherent states of
order 2 and 3. In the next section we summarize our results for the initial state |ψl,h〉 for
a general l and h.
4.4 Conclusion
We have extended the foregoing analysis for the initial state |ψl,h〉 with a gen-
eral l and h values and found the following results:
i) For a given l value, the fractional revival time is independent of the h value.
ii) The time-evolved state at t = jTrev/l2, where j = 1, 2, . . . , (l2 − 1), is a rotated
initial wave packet.
iii) The k-subpacket fractional revival occur at t = j Trev/l2k where j = 1, 2, . . . ,
(l2k − 1) for a given value of k (> 1) with (j, l2k) = 1.
iv) The distinctive signatures of k-subpacket fractional revivals are captured in (lk)th
moments of the operators xˆ and pˆ.
v) The optical tomogram of the time-evolved at k-subpacket fractional revival time
shows a structure with (lk) sinusoidal strands in the Xθ-θ plane.
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〈 xˆ8〉
t/Trev
Figure 4.15: 〈xˆ8〉 as a function of t/Trev for the initial state |ψ4,0〉 with |α|2 =
100. Between t = 0 and t = Trev/2, 〈x8(t)〉 is a constant
most of the time except at t = j Trev/32, where j = 1, 2, . . . ,
16. In this range, the two-subpacket fractional revivals occur at
t/Trev = 1/32, 3/32, 5/32, 7/32, 9/32, 11/32, 13/32, and 15/32
and its signatures are captured in the eighth moment of xˆ. In the
given range, the eighth moment of xˆ also captures the wave packet
rotations at t/Trev = j/16, where j = 1, 2, . . . , 8.
We do not write it down the analysis for higher values of l because it is repeti-
tive, but for completeness we discuss the dynamics of an initial state |ψ4,0〉. According
to the result (iii) quoted above, the two-subpacket fractional revivals of the initial state
|ψ4,0〉 occur at t = j Trev/32. This initial state can be written as a superposition of
four coherent states (see Eq. (2.2)). Indeed, the initial state |ψ4,0〉 shows two-subpacket
fractional revival at time t = Trev/32:
|ψ(Trev/32)〉 =N4,0C1
[ ∣∣αe−i31pi/32〉+ ∣∣αe−i15pi/32〉 + ∣∣αeipi/32〉+ ∣∣αei17pi/32〉 ]
+N4,0C2
[ ∣∣αe−i23pi/32〉+ ∣∣αe−i7pi/32〉+ ∣∣αei9pi/32〉+ ∣∣αei25pi/32〉 ],
where C1 = (1 − i)/2 and C2 = (1 + i)/2. Figure 4.15 shows the temporal evolution
of the expectation value 〈xˆ8〉 for the initial state |ψ4,0〉. We have plotted till t = Trev/2
for a better view, i.e., j runs only up to 16 instead of 31 in the result (iii). It captures the
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signature of two-subpacket fractional revival at t = jTrev/32 where j = 1, 2, . . . , 16
with (j, 32) = 1 and rotations at t = jTrev/16, where j = 1, 2, . . . , 8, which confirms
our general result (ii) quoted above.
The experimental manifestations of our results are possible using the continuous-
variable optical homodyne tomography. The moments of the operators xˆ and pˆ can be
experimentally measured using the homodyne correlation techniques with a weak local
oscillator (Shchukin and Vogel, 2005). It may be possible to measure the Rényi entropy
using the techniques described in (Daley et al., 2012; Abanin and Demler, 2012).
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CHAPTER 5
SIGNATURES OF ENTANGLEMENT IN AN
OPTICAL TOMOGRAM
5.1 Introduction
In the preceding chapters, we have analyzed the optical tomogram of a single-
mode electromagnetic field. We have shown that the signatures of a macroscopic super-
position state are captured in the optical tomogram of the state, enabling the selective
identification of the macroscopic superposition states directly from its optical tomo-
gram. Since the fractional revival phenomenon of a wave packet is associated with the
generation of a macroscopic superposition state, these signatures help in the characteri-
zation of revivals and fractional revivals of an initial wave packet evolving in a nonlinear
medium. For an initial single wave packet, the optical tomogram of the time-evolved
state shows a structure with k sinusoidal strands at k-subpacket fractional revival time
(Rohith and Sudheesh, 2015). Further, we have shown that the fractional revival time
depends on the number of subpackets composing the superposition state (Rohith and
Sudheesh, 2014). For an initial superposed coherent state |ψl,h〉, the optical tomogram
of the state shows a structure with lk sinusoidal strands at k-subpacket fractional revival
time.
In this chapter, we extend our investigations to the optical tomogram of the
two-mode states of the electromagnetic field. To be specific, we study the optical tomo-
gram of the two-mode states generated at the output of a beam splitter. Depending upon
the nature of the input fields, a beam splitter can generate both separable and entangled
two-mode state at the output. A beam splitter generates a separable two-mode state if
both the input fields are classical, and it generates an entangled state if one of the input
fields is nonclassical (Kim et al., 2002). As mentioned in Chapter 1, the characteriza-
tion of the entangled states generated by this process can be done by optical homodyne
tomography. Two homodyne detection arrangements, one for each mode, are used to
characterize a two-mode entangled state of light. Various types of entangled states
have been characterized recently (D’Auria et al., 2009; Yao et al., 2012; Lvovsky et al.,
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2013; Morin et al., 2014). A conditional measurement on one of the modes of entangled
states may change the state in the other mode due to entanglement, and such changes
may show up in the optical tomogram of the state. The main goal of this chapter is to
find the signatures of entanglement in the optical tomogram of the state, without recon-
structing the density matrix of the state. For this purpose, we investigate the optical
tomograms of maximally entangled coherent states created in a beam splitter. Such an
investigation will avoid the computational complexity of finding the two-mode density
matrix of the state from its optical tomogram, in order to determine whether the state is
entangled or not. In the next section, we discuss the generation of separable as well as
entangled two-mode states of light using a beam splitter.
5.2 Beam splitting action
Consider a 50/50 beam splitter with zero phase difference between reflected
and transmitted port. The unitary operator for the beam splitter reads
UBS = exp
[pi
4
(a†b− ab†)
]
, (5.1)
where a and b are the bosonic operators for the input field modes. The output field
modes of the beam splitter are designated by c and d. A schematic diagram of the beam
splitter is given in Fig. 5.1. We consider both classical and nonclassical states in the
Figure 5.1: A 50/50 beam splitter with |ψ〉 in the horizontal port and |0〉 in the
vertical port. Here a and b (c and d) are the input (output) field
modes.
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horizontal input port (mode a) of the beam splitter and study the optical tomogram of
the output states. In both of these cases, we take vacuum state |0〉 in the vertical input
port (mode b) of the beam splitter. The states considered for classical and nonclassical
states are coherent state, and even and odd coherent states, respectively. Beam splitting
action on the coherent state |ψ〉 = |α〉, where α (= |α| eiδ) is a complex number, with
vacuum |0〉 generates the separable state
|Φ〉ss = |β〉c ⊗ |β〉d , (5.2)
where β = α/
√
2. Next, we consider beam splitting of even and odd coherent states
|ψ2,h〉 with h = 0 and h = 1 (obtained by setting l = 2 in Eq. (2.2)), respectively. In
this case, we get entangled states at the output modes of the beam splitter. The state
|Φ〉h of the beam splitter output modes is calculated using the unitary operator given in
Eq. (5.1):
|Φ〉h = N2,h
[|β〉c |β〉d + eipih |−β〉c |−β〉d] . (5.3)
The entanglement of the state |Φ〉h can easily be calculated using the von Neumann
entropy
E = −Tr [ρk log ρk] , (5.4)
where ρk (k = mode c or d) is the reduced density matrix of either of the subsystems c
or d. For the state |Φ〉h, the reduced density matrix ρk is obtained as
ρk = N
2
2,h
1∑
r,r′=0
exp
{
−i pi(r − r′)h− |β|2
[
1− eipi(r−r′)
]}
|βr〉k k 〈βr′ | , (5.5)
where βr = β eipir and βr′ = β eipir
′
. Using Eqs. (5.4) and (5.5), we have numerically
evaluated the entanglement of the state |Φ〉h as a function of |α|2.
Figure 5.2 shows the variation of entanglement of the state |Φ〉h as a function
of |α|2. With increase in |α|2 value, the entanglement of the state |Φ〉0 increases from
zero and saturates (say from |α|2 = 6 onwards) to unity for large |α|2, whereas the
entanglement of the state |Φ〉1 is always unity for any value of |α|2 > 0. In the limit
of large |α|2, the coherent states |α〉 and |−α〉 composing the superposition state |ψ2,h〉
form an orthogonal basis and thus the entangled state, given in Eq. (5.3), is already in the
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Figure 5.2: Variation of entanglement of the state |Φ〉h as a function of |α|2.
Schmidt decomposition form (van Enk, 2003). Since the two Schmidt coefficients have
the equal magnitude, 1/
√
2, the entanglement of the state |Φ〉h can be found to be E =
log2(2) = 1 ebits, which is the maximum entanglement possible in two dimensions
(2D). Hence, for large |α|2, the state |Φ〉h is a maximally entangled state in 2D. It
should be noticed that the entanglement of the output state, given in Eq. (5.3), is a
measure of the nonclassicality of the input state |ψ2,h〉 (Asbóth et al., 2005; Miranowicz
et al., 2015).
5.3 Optical tomogram of the two-mode state
In this section, we calculate the optical tomograms of the separable state |Φ〉ss
and the maximally entangled state |Φ〉h. For a two-mode state with density matrix ρ,
the optical tomogram is given by (Amosov et al., 2012)
ω (Xθ1, θ1;Xθ2, θ2) = 〈Xθ1, θ1|Xθ2, θ2〉 ρ |Xθ2, θ2〉 |Xθ1 , θ1〉 , (5.6)
where |Xθi, θi〉, with i = 1 and 2, is the eigenvector of the Hermitian operator Xˆθi
(defined in Eq. (2.4)) with eigenvalue Xθi . The quantities Xθ1 and θ1 (Xθ2 and θ2)
are the quadrature and the phase of local oscillator in homodyne detection setup for
mode c (mode d), respectively. The phase of the local oscillators varies in the domain
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0 ≤ θ1, θ2 ≤ 2pi. For a pure two-mode state |ψ〉, the Eq. (5.6) can be rewritten as
ω (Xθ1 , θ1;Xθ2 , θ2) = |〈ψ|Xθ1 , θ1〉 |Xθ2, θ2〉|2 . (5.7)
The optical tomograms of the two-mode coherent states of charged particle moving in
a varying magnetic field have been investigated (Man’ko and Zhebrak, 2012).
Substituting |Φ〉ss in Eq. (5.7), we get the optical tomogram of the two-mode
separable state as
ωss(Xθ1 , θ1;Xθ2 , θ2) = ω1(Xθ1 , θ1)× ω2(Xθ2, θ2), (5.8)
where ω1(Xθ1 , θ1), ω2(Xθ2, θ2) are the optical tomogram of the coherent state |β〉 in
mode c and mode d, respectively. These optical tomograms can be written as (using
Eq. (2.14))
ωi(Xθi, θi) =
1√
pi
exp
[
−
(
Xθi −
√
2 |β| cos(δ − θi)
)2]
. (5.9)
Therefore, the optical tomogram of a separable state can be written as the product of
optical tomograms of the subsystems (Ibort et al., 2009). We recall from Chapter 2 that,
the optical tomogram of a coherent state is a structure with single sinusoidal strand.
Hence, the optical tomogram in mode c (mode d) will always be a structure with a
single sinusoidal strand for any values of parameters in mode d (mode c) and δ.
Again, by substituting Eq. (5.3) in Eq. (5.7), the two-mode optical tomogram
for the entangled state |Φ〉h is obtained as
ωh(Xθ1 , θ1;Xθ2 , θ2) =
N22,h
pi
∣∣∣∣∣
1∑
r=0
e−ipirh η(Xθ1, θ1, βr)η(Xθ2, θ2, βr)
∣∣∣∣∣
2
, (5.10)
where
η(Xθi, θi, βr) = exp
(
−|βr|
2
2
− Xθi
2
2
+
√
2βrXθie
−iθi − β
2
re
−i2θi
2
)
. (5.11)
It is clear from the Eq. (5.10) that, the optical tomogram of the entangled state |Φ〉h
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cannot be written in the form of the product of subsystem tomograms, that is
ωh(Xθ1, θ1;Xθ2, θ2) 6= ω1(Xθ1 , θ1)× ω2(Xθ2 , θ2). (5.12)
5.4 Signature of entanglement
In this section, we analyze the optical tomogram of the entangled state |Φ〉h
in detail, and look for the signatures of entanglement in the optical tomogram of the
state. In the following, we present our analysis for initial even coherent state |ψ2,0〉. For
initial even coherent state, the entangled output state |Φ〉0 = N0 [|β〉 |β〉+ |−β〉 |−β〉].
A measurement of field quadrature in any of the modes will collapse the entanglement
between the modes. The quantum state in one mode is correlated with the quadrature
measurement in the other mode. For example, a measurement of quadrature Xˆθ2 in
mode d will project the state |Φ〉0 to the state |φ〉0,c in mode c:
|φ〉0,c = N˜0 [ψβ(Xθ2 , θ2) |β〉+ ψ−β(Xθ2, θ2) |−β〉] , (5.13)
where ψ±β(Xθ2 , θ2) = 〈Xθ2, θ2 |±β〉 is the quadrature representation of the coherent
state |±β〉, and
N˜0 =
{|ψβ(Xθ2 , θ2)|2 + |ψ−β(Xθ2 , θ2)|2
+e−2|β|
2 [
ψ∗β(Xθ2 , θ2)ψ−β(Xθ2, θ2) + ψβ(Xθ2 , θ2)ψ
∗
−β(Xθ2, θ2)
]}−1/2
. (5.14)
Based on the relative strength of the coefficients ψβ(Xθ2 , θ2) and ψ−β(Xθ2, θ2), the
state |φ〉0,c can be one of following: |β〉, |−β〉 and a superposition of |β〉 and |−β〉. The
probability for occurring the state |±β〉 is proportional to
|ψ±β(Xθ2, θ2)|2 =
1√
pi
exp
[
−2 |β|2 cos2(δ − θ2)−X2θ2 ± 2
√
2Xθ2 |β| cos(δ − θ2)
]
.
(5.15)
For Xθ2 6= 0, relative strength of the probabilities crucially depend on the last term
in Eq. (5.15). In the range 0 ≤ |δ − θ2| < pi/2 and 3pi/2 < |δ − θ2| ≤ 2pi, the
state |φ〉0,c can be approximated to the coherent state |β〉 because |ψβ(Xθ2 , θ2)|2 ≫
|ψ−β(Xθ2 , θ2)|2, which gives a structure with a single strand for the optical tomogram
62
in mode c (Note that the optical tomogram for a coherent state |β〉 in Xθi-θi plane is a
structure with single strand in Eq. (5.9)). Also, in the range pi/2 < |δ − θ2| < 3pi/2, the
state |φ〉0,c can be approximated to the coherent state |−β〉 because |ψ−β(Xθ2 , θ2)|2 ≫
|ψβ(Xθ2 , θ2)|2. Thus, the optical tomogram in mode c will be a structure with a single
strand corresponds to the coherent state |−β〉. Figure 5.3(a) shows single-stranded
structure in the optical tomogram ω0(Xθ1 , θ1;Xθ2 , θ2) for |α|2 = 10, δ = 0.2,Xθ2 = 2.0
and |δ − θ2| = 0.3.
θ1
(a) ()
Xθ1 Xθ1 Xθ1
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Figure 5.3: Optical tomograms ω0(Xθ1, θ1;Xθ2, θ2) in mode c for the entangled
state |Φ〉0 with |α|2 = 10, δ = 0.2, and Xθ2 = 2.0, for differ-
ent relative phases |δ − θ2| of the quadrature measurement in mode
d: (a) 0.3, (b) pi/2 and (c) pi/2 − pi/40. The optical tomogram
shows a sinusoidal single-stranded structure for |δ − θ2| = 0.3.
The optical tomogram shows sinusoidal double-stranded structure
for |δ − θ2| = pi/2. The optical tomogram for |δ − θ2| = 3pi/2 is
exactly the same as in the case of |δ − θ2| = pi/2. The plot in the
last column is an optical tomogram of an intermediate case which
shows the transition of the single-stranded structure to the double-
stranded structure.
It can be shown that |ψβ(Xθ2, θ2)|2 = |ψ−β(Xθ2 , θ2)|2 for |δ − θ2| = pi/2 or
3pi/2 (within the periodicity of optical tomogram). For these two values of |δ − θ2|,
the probability for occurring |β〉 and |−β〉 in mode c is 50 : 50, and hence the state
|φ〉0,c reduces to even coherent state of the form [|β〉+ |−β〉]. The optical tomogram
in mode c will display a double-stranded structure, in which, one strand corresponds
to |β〉 and the other corresponds to |−β〉. The optical tomograms for |δ − θ2| = pi/2
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and 3pi/2 are exactly the same because the state |φ〉0,c reduces to same even coherent
state for both of these values. The optical tomogram in mode c for |δ − θ2| = pi/2 with
Xθ2 = 2.0 is shown in Fig. 5.3(b). Quantum interference between the state |β〉 and
|−β〉 are reflected in the optical tomogram at regions in Xθ1-θ1 plane, where the two
strands intersect. The state |φ〉0,c is neither a coherent state nor an even coherent state
in the vicinity of |δ − θ2| = pi/2 or 3pi/2. The optical tomogram of such intermediate
state, corresponding to |δ − θ2| = pi/2 − pi/40, is shown in Fig. 5.3(c). In the next
section, we analyze the Mandel’s Q parameter of the state |φ〉0,c to understand this
transition. When Xθ2 = 0, the state |φ〉0,c is always an even coherent state, without
any condition on |δ − θ2|. This displays a structure with two sinusoidal strands in the
optical tomogram.
5.5 Mandel’s Q parameter
We can also show the above features using the statistics of photon number in
the state |φ〉0,c, specifically, in terms of the Mandel’s Q parameter, defined as (Mandel,
1979)
Q =
〈nˆ2〉 − 〈nˆ〉2
〈nˆ〉 − 1, (5.16)
where nˆ is the photon number operator. A positive value of Q indicates the super-
Poissonian statistics of the field, and Q = 0 indicates the Poissonian statistics exhibited
by a coherent field. The Q parameter of the state |φ〉0,c is calculated as
Q =
2 |α|2 e−|α|2 cosh (2 |α|Xθ2 cos(δ − θ2)) cos (2 |α|Xθ2 sin(δ − θ2))
cosh2 (2 |α|Xθ2 cos(δ − θ2))− 4 e−2|α|2 cos2 (2 |α|Xθ2 sin(δ − θ2))
. (5.17)
Mandel’s Q parameter of the state |φ〉0,c in mode c as a function of relative phase
|δ − θ2| is plotted in Fig. 5.4. It shows that at |δ − θ2| = pi/2, 3pi/2 and its vicinity,
the state exhibits super-Poissonian statistics and for all other |δ − θ2| values, the state
|φ〉0,c shows Poissonian statistics corresponding to a coherent field, which is either |β〉
or |−β〉.
The range of |δ − θ2| values for which the intermediate states exist can be
found using the full width at half maximum (FWHM) of the two peaks in the plot of
Q versus |δ − θ2|. The FWHM of the peaks depends on the values of Xθ2 and |β|2
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and it is 0.21 radians for each peak in the Fig. 5.4. The single-mode Q parameter
described here is sufficient to verify our findings on the optical tomograms, but it should
be noted that two-mode normally ordered variances can also be studied to understand
the super- or sub-Poisson photon-number correlations (Miranowicz et al., 2010). The
different statistics of photon number exhibited by the state in mode c upon changing the
parameters in mode d, has been experimentally observed in the case of micro-macro
entanglement of light (Lvovsky et al., 2013) using the reconstructed density matrix. We
have theoretically shown that, without reconstructing the density matrix of the system,
the signature of entanglement can be directly observed in the optical tomogram of the
state.
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Figure 5.4: Mandel’s Q parameter for the state |φ〉0,c as a function of the rela-
tive phase |δ − θ2| of the measurement in mode d with |α|2 = 10
and Xθ2 = 2. The positive value of Q at |δ − θ2| = pi/2 and
3pi/2 (and its vicinity) indicates the super-Poissonian statistics of
the state |φ〉0,c and for all other values (except for pi/2 or 3pi/2 and
its vicinity) of |δ − θ2|, the state |φ〉0,c exhibit Poissonian statistics
(Q = 0).
When the initial state is an odd coherent state (i.e., h = 1), we get the entangled
state |Φ〉1 given in Eq. (5.3) at the output modes of the beam splitter. We have repeated
the forgoing analysis for the entangled state |Φ〉1 and verified the results obtained earlier.
The Figs. 5.5(a)-5.5(c) show the optical tomograms ω1(Xθ1 , θ1;Xθ2 , θ2) in mode c for
the entangled state |Φ〉1 with same set of parameters used in the case of the entangled
state |Φ〉0. The forgoing analysis uses only a single-mode optical tomogram to study the
signatures of entanglement in a two-mode system. This procedure reduces the number
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of homodyne measurements to be performed to determine whether the state |Φ〉h is
entangled or not.
Xθ1
θ1
(a) (b) ()
Xθ1 Xθ1
Figure 5.5: Same as in Fig. 5.3 but for |Φ〉1.
5.6 Robustness of the entangled states
In this section, we study the effect of environment-induced decoherence on the
optical tomogram of the entangled state |Φ〉h generated at the output of the beam splitter.
We consider the two-mode extension of the amplitude decay and phase damping models
of decoherence described in Section 3.4. We assume that both of the output modes of
the beam splitter interact independently with the external environment consisting of
an infinite number of harmonic oscillators that are initially in the vacuum state. Such
decoherence process can be effectively described by the quantum mechanical master
equation for the two-mode density matrix of the system.
Let ρcd be the density matrix of bipartite field modes at the output of the beam
splitter. The interaction with the external environment leaves the system in a mixed
state, and we use the logarithmic negativity (Vidal and Werner, 2002) to quantify the
entanglement. The logarithmic negativity is defined as
EN = log2 ‖ ρTkcd ‖, (5.18)
where ‖ · ‖ denotes the trace norm operation, which is equal to the sum of the absolute
values of eigenvalues for a Hermitian operator, and ρTk with k = 1 (or 2) represents the
partial transpose of ρcd with respect to mode c (or d). In the subsequent sections, we
discuss the effect of amplitude decay and phase damping models of decoherence on the
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optical tomogram of the entangled state |Φ〉h.
5.6.1 Amplitude decay model
In the rotating wave approximation, the amplitude decay of the state |Φ〉h due
to photon absorption can be modelled by the interaction Hamiltonian
H(2)amp =
∞∑
j=0
2∑
s=1
γs
(
a†sej + e
†
jas
)
, (5.19)
where γs is the coupling strength of the mode as (a1 corresponds to mode c and a2
corresponds to mode d) with the environment modes ej . The Markovian dynamics of
the state ρcd obeys the zero-temperature master equation (Gardiner, 1991)
∂ρcd
∂τ
=
2∑
s=1
γs
(
2 as ρcd a
†
s − a†s as ρcd − ρcd a†s as
)
, (5.20)
where τ is the time. Without loss of generality, we choose the coupling constants γ1 =
γ2 = γ = 0.01. Using the procedure described in (Chaturvedi and Srinivasan, 1991),
the solution ρcd(τ) of the Eq. (5.20) can be calculated as
ρcd(τ) =N
2
2,h
1∑
r,r′=0
e−ipih(r−r
′) exp
[
−2 |β|2
(
1− eipi(r−r′)
) (
1− e−2γτ)]
× ∣∣βr e−γτ〉c ∣∣βr′ e−γτ〉d c 〈βr e−γτ ∣∣d 〈βr′ e−γτ ∣∣. (5.21)
The state ρcd(τ) is a mixed state for all the time τ > 0, and we numerically evaluate the
logarithmic negativity EN of the state as a function of time τ . The important steps for
calculating the logarithmic negativity EN of the state ρcd(τ) are described in Appendix
B. Figure 5.6 shows the variation of entanglement EN of the state |Φ〉h as a function
of scaled time γτ for |α|2 = 10. It is interesting to see that the entanglement of both
the states |Φ〉0 and |Φ〉1 decay in the same manner. The entanglement of the state |Φ〉h
vanishes to zero for large γτ .
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Figure 5.6: Decay of entanglement of the state |Φ〉h as a function of scaled time
γτ for |α|2 = 10.
The optical tomogram of the decohered state ρcd(τ), given in Eq. (5.21), is
obtained as
ωh (Xθ1 , θ1;Xθ2 , θ2; τ) =N
2
2,h
1∑
r,r′=0
eipih(r−r
′) exp
[
−2 |β|2
(
1− eipi(r−r′)
) (
1− e−2γτ)]
× ζ(Xθ1, θ1, βr, τ)ζ∗(Xθ1 , θ1, βr′, τ)
× ζ(Xθ2, θ2, βr, τ)ζ∗(Xθ2 , θ2, βr′, τ), (5.22)
where the quantity ζ is defined in Eq. (2.21). In the following, we analyze the opti-
cal tomograms of the states in mode c for different quadrature measurements in mode
d in the presence of amplitude damping. Figure 5.7 displays the optical tomograms
ω0(Xθ1 , θ1;Xθ2 , θ2; τ) in mode c for the entangled state |Φ〉0 at different times γτ for
the relative phases of measurements (a) |δ − θ2| = 0.3, (b) |δ − θ2| = pi/2, and (c)
|δ − θ2| = pi/2− pi/40.
Recall that, the state in mode c is the coherent state |β〉 for the quadrature
measurement with relative phase |δ − θ2| = 0.3. During the decoherence process, the
coherent state remains as a coherent state with exponentially decreasing amplitude. The
reduction in the amplitude of the coherent state |β〉 is clearly observed in Fig. 5.7(a),
where the sinusoidal strand shrinks in the horizontal direction (along the Xθ1 axis), and
finally becomes a single straight strand for very large γτ .
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(i) γτ = 0.01 (ii) γτ = 0.05 (iii) γτ = 0.5
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Figure 5.7: Optical tomograms ω0(Xθ1, θ1;Xθ2, θ2; τ) in mode c for the entan-
gled state |Φ〉0 in the presence of amplitude damping at times (i)
γτ = 0.01, (ii) γτ = 0.05, (iii) γτ = 0.5, and (iv) γτ → ∞,
for the relative phases of measurements (a)|δ − θ2| = 0.3, (b)
|δ − θ2| = pi/2, and (c) |δ − θ2| = pi/2 − pi/40. Here, |α|2 = 10,
δ = 0.2 and Xθ2 = 2.0.
Figure 5.7(b) shows that the two sinusoidal strands of the even coherent state
in the optical tomogram get close together with an increase in time and they merge
for large γτ (Rohith and Sudheesh, 2016). The merging of the sinusoidal strands with
increase in γτ is due to the exponential decrease in the amplitude of the coherent states
contributing to the superposition state [|β〉+ |−β〉] in mode c for |δ − θ2| = pi/2. In
Fig. 5.7(c), we plot the optical tomogram of the intermediate state for |δ − θ2| = pi/2−
pi/40 at different times γτ . In this case, the two strands in the optical tomogram, one
with high intensity and other with low intensity, merge with an increase in the time γτ .
For large γτ , the state |Φ〉h reduces to the two-mode vacuum state |0〉c |0〉d, and the
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corresponding optical tomogram is given by
ωh(Xθ1, θ1;Xθ2, θ2; τ →∞) =
1
pi
e−X
2
θ1
−X2θ2 . (5.23)
This optical tomogram is independent of the values of θ1 and θ2. Therefore, in the long-
time limit, the optical tomogram in mode c is a structure with single straight strand
in the Xθ1-θ1 plane irrespective of the value of |δ − θ2|, which can be seen in the last
column of the Fig. 5.7. We have repeated the above analysis for the entangled state |Φ〉1
and found similar results.
5.6.2 Phase damping model
In this model, the interaction of the output modes c and d of the beam splitter
with the environment modes ej can be described by the Hamiltonian
H
(2)
ph =
∞∑
j=0
2∑
s=1
κs
(
A†sej + e
†
jAs
)
, (5.24)
where As = a†sas and κs is the coupling strength of the mode as (mode c or d) with the
environment. The Markovian dynamics of the two-mode state ρcd is described by the
zero-temperature master equation
∂ρcd
∂τ
=
2∑
s=1
κs
(
2AsρcdA
†
s − A†sAsρcd − ρcdA†sAs
)
. (5.25)
The solution of Eq. (5.25) can be written in the Fock basis as
ρcd(τ) =
∞∑
m1=0
∞∑
m2=0
∞∑
n1=0
∞∑
n2=0
[ρcd(τ)]m1m2;n1n2 |m1〉c |m2〉d c 〈n1| d 〈n2|, (5.26)
where the matrix elements are calculated as
[ρcd(τ)]m1m2;n1n2 =N
2
2,he
−2|β|2 exp
[
−
2∑
s=1
κsτ (ns −ms)2
]
×
1∑
r,r′=0
e−ipih(r−r
′) βm1r β
m2
r′ β
∗
r
n1 β∗r′
n2
√
m1!m2!n1!n2!
. (5.27)
A derivation of the Eq. (5.26) is given in Appendix C. As in the previous case, the state
ρcd(τ) is a mixed state for τ > 0, and the amount of entanglement in the state ρcd(τ)
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is calculated numerically in terms of the logarithmic negativity EN . We set the phase
damping coupling constants κ1 = κ2 = κ = 0.01, for the calculation. The variation of
entanglement of the state |Φ〉h as a function of the scaled time κτ is shown in Fig. 5.8.
A comparison of Fig. 5.8 with Fig. 5.6 reveals that, the decay of entanglement of the
state |Φ〉h due to phase damping is much slower compared to that due to amplitude
damping of the state. In the phase damping model, the entanglement of the state |Φ〉h
goes to zero for times greater than κτ = 3.0, whereas in the amplitude damping model
this happens from time γτ = 0.2 itself.
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Figure 5.8: Decay of entanglement of the state |Φ〉h as a function of scaled time
κτ for |α|2 = 10.
The optical tomogram of the state |Φ〉h in the presence phase damping is ob-
tained by substituting Eq. (5.26) in Eq. (5.6):
ωh (Xθ1 , θ1;Xθ2 , θ2; τ) =
N22,h exp
[−2 |β|2 −X2θ1 −X2θ2]
pi
×
∞∑
m1=0
∞∑
m2=0
∞∑
n1=0
∞∑
n2=0
Hm1(Xθ1)Hm2(Xθ2)Hn1(Xθ1)Hn2(Xθ2)
2(m1+m2)/2 2(m2+n2)/2
× exp [−κτ (n1 −m1)2 − κτ (n2 −m2)2]
× exp [iθ1 (n1 −m1) + iθ2 (n2 −m2)]
×
1∑
r,r′=0
e−ipih(r−r
′) βm1r β
m2
r′ β
∗
r
n1 β∗r′
n2
m1!m2!n1!n2!
. (5.28)
Using Eq. (5.28), we analyze the optical tomogram of the states in mode c for different
quadrature measurements in mode d in the presence of phase damping. Figure 5.9
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displays the optical tomograms ω0(Xθ1 , θ1;Xθ2 , θ2; τ) in mode c for the entangled state
|Φ〉0 at different times κτ for the relative phases of measurements (a) |δ − θ2| = 0.3, (b)
|δ − θ2| = pi/2, and (c) |δ − θ2| = pi/2− pi/40. The structures with sinusoidal strands
are not lost when the interaction of the state with environment is for a short time. The
sinusoidal strands in the optical tomogram retain their structure only for a short time
κτ . With an increase in the interaction time κτ , the sinusoidal strands in the optical
tomogram get distorted and the signatures of the entanglement are lost.
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Figure 5.9: Optical tomograms ω0(Xθ1 , θ1;Xθ2 , θ2; τ) in mode c for the en-
tangled state |Φ〉0 in the presence of phase damping at times (i)
κτ = 0.001, (ii) κτ = 0.05, and (iii) κτ = 0.3, for the relative
phases of measurements (a)|δ − θ2| = 0.3, (b) |δ − θ2| = pi/2, and
(c) |δ − θ2| = pi/2−pi/40. Here, |α|2 = 10, δ = 0.2 andXθ2 = 2.0.
In the long time limit κτ → ∞, the optical tomogram given in Eq. (5.28)
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reduces to
ωh (Xθ1, θ1;Xθ2, θ2; τ →∞) =
2N22,h
[
1 + (−1)h]
pi
exp
[−2 |β|2 −X2θ1 −X2θ2]
×
∞∑
m=0
∞∑
n=0
|β|2m |β|2n H2m(Xθ1)H2n(Xθ2)
2(m+n) (m!n!)2
. (5.29)
This optical tomogram is independent of the values of θ1 and θ2; this is displayed in
Fig. 5.10. We have repeated the analysis of phase damping for the entangled state |Φ〉1
and found similar results.
θ1
Xθ1
Figure 5.10: Optical tomograms ω0(Xθ1, θ1;Xθ2, θ2; τ) in mode c for the en-
tangled state |Φ〉0 in the presence of phase damping at long times
γτ →∞.
5.7 Conclusion
We have obtained a closed-form analytical expression for the optical tomogram
of the maximally entangled coherent state generated at the output of the beam splitter.
For separable two-mode states, the optical tomogram of the system can be written as
the product of the optical tomograms of the subsystems. Whereas, for the entangled
two-mode states, the optical tomogram in the mode c shows different features when we
change the parameters Xθ2 and θ2 in the mode d. Similarly, the optical tomogram in the
mode dwill be affected by the parameters in mode c. Specifically, for the entangled state
|Φ〉h = Nh
[|β〉 |β〉+ eipih |−β〉 |−β〉], with Xθ2 6= 0, the optical tomogram in mode
c shows double-stranded structure if |δ − θ2| = pi/2 or 3pi/2 and a single-stranded
structure for all other values (except for pi/2 and 3pi/2 and their vicinity) of |δ − θ2|.
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Our calculations not only avoids the computational complexity of finding the two-mode
density matrix or the quasiprobability distribution of the state but it also reduces the
number of homodyne measurements to be performed to determine whether the state
|Φ〉h is entangled or not. The above results hold even during the short time interaction
of the system with its external environment.
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CHAPTER 6
ENTANGLEMENT DYNAMICS OF QUANTUM
STATES IN A BEAM SPLITTER
6.1 Introduction
It has been shown that a standard nonlinear optics interaction arising from a
Kerr nonlinearity, followed by a simple interaction with a beam splitter, produces a large
amount of entanglement in an arbitrarily short time (van Enk, 2003). Here, the initial
state considered was a coherent state, and the input state for the beam splitter are taken
at specific instants (at fractional revival times) during the time evolution of the coherent
state in the Kerr medium. In this chapter, we study, to a greater extent, the continuous
dynamics of entanglement using the state at any instants instead of at specific instants
during the evolution of coherent state in the Kerr medium using the set-up in (van Enk,
2003). We also investigate the optical tomogram of the entangled states generated in a
beam splitter with a Kerr-like medium placed on one of its input arms and look for the
signatures of entanglement in the optical tomogram of the entangled states generated at
the instants of fractional revival times. In the next section, we describe the entanglement
dynamics of the quantum states generated in a beam splitter using an initial coherent
state evolving in a Kerr medium.
6.2 Entanglement dynamics of an initial coherent state
Consider the dynamics of an initial coherent state |ψ(0)〉 = |α〉, where α =
|α| eiδ, governed by the nonlinear Hamiltonian given in Eq. (3.1). The time-evolved
state |ψ(t)〉 is given by Eq. (3.5). We write it again for ready reference:
|ψ(t)〉 = e−|α|2/2
∞∑
n=0
αne−iχtn(n−1)√
n!
|n〉 . (6.1)
We recall from Chapter 3 that, the state |ψ(t)〉 revives periodically with the revival
time Trev = pi/χ. Also, between time t = 0 and t = Trev, |ψ(t)〉 shows k-subpacket
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fractional revivals at times t = jpi/kχ, where j = 1, 2,...,(k − 1), for a given value of
k (> 1) with the condition that (j, k) = 1. Here, the interesting thing is that even if the
initial wave packet is a classical one, |ψ(t)〉 becomes nonclassical during the evolution
in the Kerr medium (Yurke and Stoler, 1986; Tara et al., 1993; Sudheesh et al., 2004).
|0〉
c
d
b
a
|ψ(t)〉Kerr|ψ(0)〉
Figure 6.1: A 50/50 beam splitter with a Kerr medium in the horizontal input
port. The time-evolved state |ψ(t)〉, obtained by the evolution of
|ψ(0)〉, is injected to the horizontal input port and the vacuum state
|0〉 to the vertical input port of the beam splitter. Here, a and b (c
and d) are the input (output) field modes of the beam splitter.
Subsequently, we split the time-evolved state |ψ(t)〉 in a beam splitter with
the vacuum state |0〉 to generate entangled states. As in Chapter 5, we consider a
50/50 lossless beam splitter with zero phase difference between reflected and trans-
mitted beam. A schematic representation of the set-up used for our investigation is
given in Fig. 6.1. We recall that a and b (c and d) are the input (output) field modes
of the beam splitter. The state at a particular instant of time t, |ψ(t)〉, is achieved by
adjusting the interaction length (time) of the medium. We inject the field |ψ(t)〉 through
the horizontal port (mode a) of the beam splitter and a vacuum state through the vertical
port (mode b). Thus, the input state to the beam splitter is |ψ(t)〉a |0〉b. The state |Φ(t)〉
of the output modes can be obtained using the unitary operator UBS of the beam splitter
given Eq. (5.1):
|Φ(t)〉 = UBS
( |ψ(t)〉a |0〉b ). (6.2)
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Substituting Eq. (6.1) in Eq. (6.2), we get
|Φ(t)〉 = e−|α|2/2
∞∑
n=0
αn√
n!
exp [−iχtn(n − 1)]
2n/2
n∑
p=0
(
n
p
)1/2
|p〉c |n− p〉d . (6.3)
The state |Φ(t)〉 is a two-mode pure state of the field. The total density matrix for the
state |Φ(t)〉 is
ρcd(t) =e
−|α|2
∞∑
n=0
∞∑
n′=0
αn α∗n
′
e−iχt[n(n−1)−n
′(n′−1)]
√
n!n′! 2(n+n′)/2
n∑
p=0
n′∑
p′=0
(
n
p
)1/2(
n′
p′
)1/2
× |p〉c |n− p〉d c 〈p′|d 〈n′ − p′| (6.4)
We have numerically calculated the entanglement E of the state |Φ(t)〉 in terms of von
Neumann entropy, using Eq. (5.4), and plotted it in Fig. 6.2 for various values of |α|2
between the time t = 0 and Trev.
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Figure 6.2: Entanglement as a function of time t/Trev from time t = 0 to t =
Trev for an initial coherent state |α〉 with |α|2 = 5 (dotted), 10
(dashed) and 20 (solid). Local minima of the curves indicates the
instants of fractional revivals.
It can be seen that at time t = 0 the entanglement is zero because at this in-
stant both the input states feeding into the beam splitter are classical states. The input
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state to the beam splitter is |α〉a |0〉b and the output state given in Eq. (6.3) takes the
form |Φ(0)〉 =
∣∣∣ α√
2
〉
c
∣∣∣ α√
2
〉
d
. This output state is a separable state and the entangle-
ment between the two output modes c and d is zero. During the time evolution in the
medium, the state |ψ(t)〉 exhibits nonclassical behaviour and the output state |Φ(t)〉
shows non-zero entanglement. The entropic entanglement potential (EEP), defined in
(Asbóth et al., 2005) using relative entropy, is a measure of nonclassicality of the state
in one of the input arms of the beam splitter with vacuum in the second input arm. For
pure states, the EEP reduces to the von Neumann entropy in one of the output arms.
It means that a nonzero value of the von Neumann entropy E reveals the nonclassical-
ity of the pure state |ψ(t)〉. In other words, the state |Φ(t)〉 will be an entangled state
whenever the state |ψ(t)〉 is a nonclassical state.
At k-subpacket fractional revival times, the time-evolved state |ψ(t)〉 is a su-
perposition of k phase-rotated coherent states, as given in Eq. (3.15). Therefore, the
output states given in Eq. (6.3) reduces to
∣∣Φ(k)〉 =


∑k−1
s=0 fs |βs〉c |βs〉d , k odd;∑k−1
s=0 gs |βs〉c |βs〉d , k even,
(6.5)
where fs and gs are the Fourier coefficients (given in Eqs. (3.12) and (3.13), respec-
tively), βs = αs/
√
2 and αs is given in Eq. (3.25). For large values of |α|2, the coherent
states appearing in the superposition given in Eq. (3.15), form an orthogonal basis in k
dimension. Thus, the state
∣∣Φ(k)〉, is already written in the Schmidt decomposition (Ek-
ert and Knight, 1995). It implies that the state
∣∣Φ(k)〉 is a maximally entangled state in k
dimension with the Schmidt rank k and von Neumann entropy E = log2 k in one of the
output arms of the beam splitter (van Enk, 2003). It is evident from the figure that for
|α|2 = 5, the states at two-, three-, and four-subpacket fractional revivals are maximally
entangled states with E = log2 2, log2 3, and log2 4, respectively. The entanglement
using von Neumann entropy plot given in Fig. 6.2 shows clear signatures of fractional
revivals. We have shown that, at the instants of fractional revivals the entanglement
takes a local minimum in the von Neumann entropy plot. It can be verified from the
figure that the states at higher-order fractional revival times are maximally entangled
states for larger values of |α|2. The fractional revival times are marked in the figure
with vertical dotted lines. It should be noted that the Phase entropy, Wehrl entropy, and
Rényi entropy take local minima at the instants of fractional revivals of wave packets
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in a single-mode Kerr medium (Jex and Orłowski, 1994; Vaccaro and Orłowski, 1995;
Miranowicz et al., 2001; Rohith and Sudheesh, 2014) where there is no question of
entanglement.
The phase-rotated coherent states (given in Eq. (3.15)) at the instants of k-
subpacket fractional revival can also be visualized in the phase space plot of the Husimi
Q function. The Husimi Q function for a state |ψ〉 is defined as
Q(x, p) =
1
pi
∣∣∣∣
∫ ∞
−∞
dx′ ψβ(x′) ψ(x′)
∣∣∣∣
2
, (6.6)
where
ψβ(x
′) = pi−1/4 exp
[
−(x
′ − x)2
2
+ ip(x′ − x
2
)
]
(6.7)
and ψ(x′) are the position representation of the coherent state |β〉 and |ψ〉, respectively.
The Husimi Q function of a coherent state |α〉 is a Gaussian distribution given by
Q(x, p) =
1
pi
exp
[
−1
2
(x− x0)2 − 1
2
(p− p0)2
]
, (6.8)
where x0 =
√
2 Re(α) and p0 =
√
2 Im(α). All the coherent states in the superposi-
tion, given in Eq. (3.15), have the same amplitude |α| and the center of the Gaussian
peaks of each of these coherent states fall regularly on a circle of radius |α| in the
phase-plane. If we assume that the states are well separated when the distance between
their Gaussian peaks in the phase-plane is equal to the diameter of the contour obtained
when the section of the Gaussian bell is made at 0.1 of its height, the maximum num-
ber of well-distinguished states that can be obtained for a given field strength |α|2 is
(Miranowicz et al., 1990)
Nmax ∼= 2pi |α| /2
√
ln 10. (6.9)
For instance, for |α|2 = 5, Nmax ∼= 4.62 and maximum number of well-distinguished
states is five (rounding Nmax to highest integer value). The contour plots of the Husimi
Q function given in Fig. 6.3 at fractional revival times t = Trev/4, t = Trev/5 and
t = Trev/6 verifies this result. We find that highest order of fractional revival that can
be observed in the entropy plot is related to the value ofNmax. For example, the highest
order of fractional revival that can be seen in the entropy plot is five for |α|2 = 5 and it is
evident from the dotted curve in Fig. 6.2. There are 9 well-distinguished local minima
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in this case and they corresponds to five-, four-, three-, and two-subpacket fractional
revival times. When the field strength |α|2 increases the radius of the circle in phase-
plane increases and higher-order fractional revivals are captured in Fig. 6.2. This is
evident in the dashed and dotted curves corresponds to field strengths |α|2 = 10 and 20,
respectively, in Fig. 6.2.
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Figure 6.3: Husimi Q function of the state |ψ(t)〉 at times (a) t = Trev/4, (b)
t = Trev/5, and (c) t = Trev/6 for an initial coherent state with
|α|2 = 5.
Figure 6.2 shows maxima in between the fractional revivals and the values of
entropy E at these maxima are same. These maxima occur at the instants of collapses
of the initial wave packet during the evolution in the medium. It is clear from the
Fig. 6.2 that the collapsed states are more nonclassical than the states at the instants of
k-subpacket fractional revivals for a given value of |α|2 (Rohith et al., 2016). We denote
the maximum value of entanglement by Emax and Emax ∼= 2.37 ebits for |α|2 = 5 (see
Fig. 6.2). For |α|2 = 10 and 20, Emax is 2.90 and 3.42 ebits, respectively. Increase
in the value of Emax with the increase in |α|2 is justified because the number, n, of
Fock states contributing to the collapsed state increases for larger |α|2 which in turn
increase the entropy. At revival times, the entanglement returns to its initial value of
zero. Figure 6.4 shows the variation of entanglement as a function time t/Trev and field
strength |α|2. This figure clearly shows the increase in Emax with an increase in the
value of |α|2. The value of entanglement becomes zero at any instants of time when
|α|2 → 0 because in this case both the arms of the beam splitter contains the vacuum
state |0〉, which is a classical state.
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Figure 6.4: Entanglement as a function of time t/Trev and field strength |α|2
for initial coherent state. Entanglement goes to zero at any instant
when |α|2 → 0. For a given value of |α|2, the entanglement attains
a constant highest value during collapse of wave packets and the
highest value of entanglement increases with increase in the field
strength |α|2.
6.3 Optical tomogram of the entangled state generated
in the Kerr medium
In this section, we calculate the optical tomogram of the entangled state |Φ(t)〉
given in Eq. (6.3), and find the signatures of entanglement in the optical tomogram of
the state. Substituting Eq. (6.3) in Eq. (5.7), we get the optical tomgram of the state
|Φ(t)〉 as
ωt (Xθ1, θ1;Xθ2, θ2) =
exp
[− |α|2 −X2θ1 −X2θ2]
pi
∣∣∣∣∣
∞∑
n=0
αne−iχtn(n−1)
2n
×
n∑
p=0
Hp(Xθ1)Hn−p(Xθ2) e
−i[p(θ1−θ2)+nθ2]
p! (n− p)!
∣∣∣∣∣
2
. (6.10)
At k-subpacket fractional revival time t = pi/kχ, the above expression reduces to
ω(k)(Xθ1 , θ1;Xθ2 , θ2) =
1
pi
∣∣∣∣∣
k−1∑
s=0
fs,k η(Xθ1, θ1, βs) η(Xθ2, θ2, βs)
∣∣∣∣∣
2
, (6.11)
where the quantities fs,k and η are defined in Eqs. (3.24) and (5.11), respectively. Ob-
viously, the optical tomogram given above can not be written as the product of optical
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tomograms of the subsystems. Using Eq. (6.11), we analyze the optical tomogram of
the state in mode c for different quadrature measurement in mode d. A measurement
of the quadrature Xˆθ2 in mode d project the state
∣∣Φ(k)〉 given in Eq. (6.5) to the state∣∣φ(k)〉
c
in mode c:
∣∣φ(k)〉
c
= N˜k
k−1∑
s=0
fs,k ψβs (Xθ2 , θ2) |βs〉 , (6.12)
where ψβs (Xθ2 , θ2) is the quadrature representation of the coherent state |βs〉 and the
normalization constant
N˜k =
[
k−1∑
s=0
k−1∑
s′=0
fs,kf
∗
s′,kψβs (Xθ2, θ2) ψ
∗
βs′
(Xθ2, θ2) 〈βs′|βs〉
]−1/2
. (6.13)
The value of the coefficients ψβs (Xθ2 , θ2) of the states |βs〉 in Eq. (6.12) changes de-
pending upon the quadrature measurement (values of Xθ2 and θ2) in mode d, which
gives different features for the state
∣∣φ(k)〉
c
. These features will be reflected in the opti-
cal tomogram of the state in mode c. At two-subpacket fractional revival time (k = 2),
a measurement of Xˆθ2 in mode d project the state
∣∣Φ(2)〉 to the state
∣∣φ(2)〉
c
= N˜2 [f0,2 ψiβ (Xθ2 , θ2) |iβ〉+ f1,2 ψ−iβ (Xθ2 , θ2) |−iβ〉] , (6.14)
where f0,2 = (1 − i)/
√
2 and f1,2 = (1 + i)/
√
2. Based on the relative strength of the
coefficients ψiβ(Xθ2 , θ2) and ψ−iβ(Xθ2, θ2), the state
∣∣φ(2)〉
c
can be one of following:
|iβ〉, |−iβ〉 and a superposition of |iβ〉 and |−iβ〉. All the Fourier coefficients fs,k
have equal magnitude 1/
√
k, and hence the probability for occurring the state |±iβ〉 is
proportional to |ψ±iβ(Xθ2 , θ2)|2.
For Xθ2 6= 0, |ψiβ(Xθ2, θ2)|2 = |ψ−iβ(Xθ2, θ2)|2 for |δ − θ2| = npi, where
n = 0, 1, and 2. The states
∣∣φ(2)〉
c
for these three values of |δ − θ2| are same. The
probability for occurring |iβ〉 and |−iβ〉 in mode c is 50 : 50 and the optical tomogram
in mode c will display a double-stranded structure, in which, one strand corresponds to
|iβ〉 and the other corresponds to |−iβ〉. The double-stranded structure of the optical
tomogram in mode c for |δ − θ2| = 0 with Xθ2 = 2.0 is shown in Fig. 6.5(a). In the
range 0 ≤ |δ − θ2| < pi, the state
∣∣φ(2)〉
c
can be approximated to the coherent state |iβ〉
because |ψiβ(Xθ2, θ2)|2 ≫ |ψ−iβ(Xθ2 , θ2)|2, which gives a structure with a single strand
for the optical tomogram in mode c. Figure 6.5(c) shows single-stranded structure in
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the optical tomogram of the state in mode c for |α|2 = 10, δ = 0.2, Xθ2 = 2.0 and
|δ − θ2| = pi/2. In the vicinity of |δ − θ2| = npi, the state
∣∣φ(2)〉
c
is an intermediate
state in which one of the coherent states in the superposition, given in Eq. (6.14), is
having high amplitude compared to the other. The optical tomogram of an intermediate
state corresponding to |δ − θ2| = pi/60 is shown in Fig. 6.5(b). It shows the transition of
the double-stranded structure to the single-stranded structure. When Xθ2 = 0, the both
of the coherent states composing the superposition state
∣∣φ(2)〉
c
have same probability
without any condition on |δ − θ2|. This displays a structure with two sinusoidal strands
in the optical tomogram.
(a) (b)
Xθ1
()
Xθ1
θ1
Xθ1
Figure 6.5: Optical tomograms ω(2)(Xθ1 , θ1;Xθ2 , θ2) in mode c for the entan-
gled state
∣∣Φ(2)〉 with |α|2 = 10, δ = 0.2, and Xθ2 = 2.0, for
different relative phases |δ − θ2| of the quadrature measurement in
mode d: (a) 0, (b) pi/60 and (c) pi/2. The optical tomogram shows
sinusoidal double-stranded structure for |δ − θ2| = 0. The optical
tomogram for |δ − θ2| = pi and 2pi are exactly the same as in the
case of |δ − θ2| = 0. The plot in the second column is an optical
tomogram of an intermediate case which shows the transition of
the double-stranded structure to the single-stranded structure. The
optical tomogram shows a sinusoidal single-stranded structure for
|δ − θ2| = pi/2.
At three-subpacket fractional revival time t = pi/3χ, the measurement of Xˆθ2
83
in mode d project the state ∣∣Φ(3)〉 to the state
∣∣φ(3)〉
c
=N˜3
[
f0,3 ψβ (Xθ2 , θ2) |β〉+ f1,3 ψβe−i2pi/3 (Xθ2, θ2)
∣∣β e−i2pi/3〉
+f2,3 ψβe−i4pi/3 (Xθ2, θ2)
∣∣β e−i4pi/3〉] , (6.15)
where f0,3 = (3 − i
√
3)/6, f1,3 = i/
√
3 and f2,3 = (3 − i
√
3)/6. Depending on the
relative strength of the coefficients of the coherent states composing the superposition
state
∣∣φ(3)〉
c
, the optical tomogram in mode c shows different structures. Using the
similar set of arguments as given in the k = 2 case, we find that, with Xθ2 6= 0, the
optical tomogram in mode c shows a double-stranded structure for |δ − θ2| = (2n −
1)pi/3, where n = 1, 2, and 3, and a single-stranded structure for all other values of
|δ − θ2|. Figures 6.6(a) displays the double-stranded structure of the optical tomogram
of the state in mode c for |δ − θ2| = pi/3. These two sinusoidal strands corresponds
to the coherent states |β〉 and ∣∣β e−i4pi/3〉, for which the maximum intensities along
the Xθ1 axis occur at 3.099 and −2.093, respectively. This is due to the fact that, for
|δ − θ2| = pi/3, there is equal probability for occurring the states |β〉 and
∣∣β e−i4pi/3〉 in
mode c, that is |ψβ (Xθ2 , θ2)|2 =
∣∣ψβe−i4pi/3 (Xθ2, θ2)∣∣2, which is very large compared to
the probability for occurring the state
∣∣β e−i2pi/3〉.
For |δ − θ2| = pi, there is equal probability for occurring the states
∣∣β e−i2pi/3〉
and
∣∣β e−i4pi/3〉 in mode c, that is ∣∣ψβ e−i2pi/3 (Xθ2, θ2)∣∣2 = ∣∣ψβe−i4pi/3 (Xθ2 , θ2)∣∣2, which
is very large compared to the probability for occurring the state |β〉. The two sinusoidal
strands in the optical tomogram of the state in mode c for |δ − θ2| = pi, shown in
Fig. 6.6(b), correspond to the coherent states
∣∣β e−i2pi/3〉 and ∣∣β e−i4pi/3〉, for which
the maximum intensities along the Xθ1 axis occur at −1.005 and −2.093, respectively.
Figures 6.6(c) shows the double-stranded structure of the optical tomogram of the state
in mode c for |δ − θ2| = 5pi/3. These two sinusoidal strands belongs to the coherent
states |β〉 and ∣∣β e−i2pi/3〉, because there is equal probability for occurring the states |β〉
and
∣∣β e−i2pi/3〉 in mode c, that is |ψβ (Xθ2, θ2)|2 = ∣∣ψβe−i2pi/3 (Xθ2 , θ2)∣∣2, which is very
large compared to the probability for occurring the state
∣∣β e−i4pi/3〉. In Fig. 6.6(d), we
have shown the single-stranded structure of the optical tomogram of the state in mode
c for |δ − θ2| = 2pi/3. In this case, the probability of occurring the state
∣∣β e−i4pi/3〉
in mode c is very large compared to the probabilities of occurring the states
∣∣β e−i4pi/3〉
and
∣∣β e−i4pi/3〉. Therefore, the optical tomogram shown in Fig. 6.6(d) corresponds to
84
Xθ1
θ1
Xθ1
(b)
Xθ1
() (d)
Xθ1
θ1
(a)
Figure 6.6: Optical tomograms ω(3)(Xθ1 , θ1;Xθ2 , θ2) in mode c for the entan-
gled state
∣∣Φ(3)〉 with |α|2 = 10, δ = 0.2, and Xθ2 = 2.0, for
different relative phases |δ − θ2| of the quadrature measurement in
mode d: (a) pi/3, (b) pi, (c) 5pi/3, and (d) 2pi/3.
the coherent state
∣∣β e−i4pi/3〉. For Xθ2 = 0, all the three coherent states composing
the superposition state
∣∣φ(3)〉
c
have same probability without any condition on |δ − θ2|.
This displays a structure with three sinusoidal strands in the optical tomogram. The
forgoing analysis can be repeated for entangled state
∣∣Φ(k)〉 at higher-order fractional
revival times (k > 3) and the conditions for the values of |δ − θ2| under which different
structures are displayed in the optical tomogram in mode c can be found.
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6.4 Conclusions
We have investigated the optical tomogram of the entangled states generated
using a beam splitter with a Kerr medium in one of its input modes. The entanglement
dynamics of the initial coherent state captures the signatures of revival and fractional
revivals. The dynamics of entanglement using von Neumann entropy plot shows local
minima at the instants of fractional revivals. These minima correspond to the genera-
tion of two-component Schrödinger cat states or multi-component Schrödinger cat-like
states. The maximum entanglement Emax is obtained at the instants of collapses of
wave packets during the evolution in the medium. The maximum value of entangle-
ment Emax increases with an increase in the field strength |α|2. We have found the
signatures of entanglement in the optical tomogram of the entangled states generated at
the instants of two- and three-subpacket fractional revival times. We have shown that,
with Xθ2 6= 0, the optical tomogram in mode c for the entangled state, generated at
two-subpacket fractional revival time, shows a structure with two sinusoidal strands if
|δ − θ2| = npi, where n = 0, 1, and 2, and a structure with a single sinusoidal strand
for all other values of |δ − θ2|. For the entangled state generated at three-subpacket
fractional revival time, the optical tomogram in mode c shows a structure with two si-
nusoidal strands for |δ − θ2| = (2n − 1)pi/3, where n = 1, 2, 3, and a structure with
single sinusoidal strand for all other values of |δ − θ2|.
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CHAPTER 7
CONCLUSION
In the preceding chapters, we have described our results in detail, and also
summarized them at appropriate places in the text. It remains to place the work in a
broader perspective and to list interesting open problems for future work.
In general terms, the present work has demonstrated the possibility of using
the optical tomogram of the state, which is a directly measurable quantity, to study the
nonclassical properties of light, such as fractional revival and entanglement. Since our
methods avoid the reconstruction of the density matrix or the quasiprobabilty distribu-
tions of the state from the optical tomogram, more comprehensive is the information
about the state, and thus highly sophisticated nonclassical phenomena can be studied
with greater accuracy. The expressions for the optical tomogram of the states in the
presence of decoherence (with an appropriate value for the decay constants) found in
this thesis provide the possibility of direct comparison of the optical tomograms ob-
tained from the homodyne measurements.
The present work opens up a number of avenues for further exploration. We
list some of the interesting problems here.
We have examined the signatures of superposed coherent states, which are
a superposition of classical states, in the optical tomogram. It would be interesting to
study how the optical tomogram of the superposition state changes when the constituent
states show a departure from its coherent nature.
In this thesis, we have shown the signatures of revivals and fractional revivals
in the optical tomogram of the state for an initial coherent state as well as for an initial
superposed coherent states. We have also found the signatures of revivals and fractional
revivals in the optical tomogram for an initial photon-added coherent state (Rohith and
Sudheesh, 2015). These investigations can be extended to different kinds of initial
states, such as the photon-subtracted states, qudit coherent states, and the deformed
coherent states. The deformed coherent state can mimic the quantum state of the light
from a nonideal laser (Katriel and Solomon, 1994).
We have identified the signatures of bipartite entanglement for the maximally
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entangled states in two and three dimensions in the single-mode optical tomogram of the
state. Is it possible to generalize these studies and find the signatures of entanglement in
higher dimensions? Moreover, a quantitative estimation of the entanglement between
the modes directly from the optical tomogram of the state is also an open problem to
explore.
It will be interesting to study the signatures of quadrature squeezing of the
electromagnetic field directly in the optical tomogram. An ideal candidate for this pur-
pose would be a squeezed coherent state, which is having a tunable degree of squeezing.
Here an exciting question comes. Is it possible to define a quantitative measure of the
degree of squeezing of the state in terms of its optical tomogram? Such an investiga-
tion will be greatly useful for the experimentalists to characterize the squeezed states
directly from its optical tomogram.
The sub-Plank structures, structures at a scale smaller than the Plank’s constant
(~), in phase space (Zurek, 2001) are direct signatures of quantum coherence and are
formed as a result of interference between the two superposed cat states. These struc-
tures are extensively investigated using the quasiprobability distributions of the state.
However, highly sophisticated experimental arrangements must be needed to generate
and observe these structures. Even if this is achieved, a small error in the reconstruction
of the quasiprobability distributions or the density matrix from the optical tomogram of
the state can ruin the studies. Therefore, it is of great significance to study the sub-Plank
structures directly from the optical tomogram of the state.
88
REFERENCES
1. Abanin, D. A. and Demler, E. (2012). Measuring entanglement entropy of a generic
many-body system with a quantum switch. Physical Review Letters, 109(2):020504.
2. Adesso, G. and Illuminati, F. (2007). Entanglement in continuous-variable systems:
Recent advances and current perspectives. Journal of Physics A: Mathematical and
Theoretical, 40(28):7821–7880.
3. Agarwal, G. S. and Tara, K. (1991). Nonclassical properties of states generated by the
excitations on a coherent state. Physical Review A, 43(1):492–497.
4. Agarwal, G. S. and Wolf, E. (1970). Calculus for functions of noncommuting operators
and general phase-space methods in quantum mechanics. I. Mapping theorems and or-
dering of functions of noncommuting operators. Physical Review D, 2(10):2161–2186.
5. Amosov, G. G., Korennoy, Y. A., and Man’ko, V. I. (2012). Description and measure-
ment of observables in the optical tomographic probability representation of quantum
mechanics. Physical Review A, 85(5):052119.
6. Asbóth, J. K., Calsamiglia, J., and Ritsch, H. (2005). Computable measure of nonclas-
sicality for light. Physical Review Letters, 94(17):173602.
7. Averbukh, I. S. and Perelman, N. F. (1989). Fractional revivals: Universality in the
long-term evolution of quantum wave packets beyond the correspondence principle dy-
namics. Physics Letters A, 139(9):449–453.
8. Barnett, S. M. and Radmore, P. M. (1997). Methods in Theoretical Quantum Optics.
Oxford University Press, Oxford.
9. Bellini, M., Coelho, A. S., Filippov, S. N., Man’ko, V. I., and Zavatta, A. (2012). To-
wards higher precision and operational use of optical homodyne tomograms. Physical
Review A, 85(5):052129.
10. Bennett, C. H., Brassard, G., Crépeau, C., Jozsa, R., Peres, A., and Wootters, W. K.
89
(1993). Teleporting an unknown quantum state via dual classical and Einstein-
Podolsky-Rosen channels. Physical Review Letters, 70(13):1895–1899.
11. Bennett, C. H. and Wiesner, S. J. (1992). Communication via one- and two-particle
operators on Einstein-Podolsky-Rosen states. Physical Review Letters, 69(20):2881–
2884.
12. Bertrand, J. and Bertrand, P. (1987). A tomographic approach to Wigner’s function.
Foundations of Physics, 17(4):397–405.
13. Bialynicki-Birula, I. (2006). Formulation of the uncertainty relations in terms of the
Rényi entropies. Physical Review A, 74(5):052101.
14. Bužek, V. and Knight, P. L. (1995). I: Quantum interference, superposition states of
light, and nonclassical effects. Progress in Optics, 34:1–158.
15. Bužek, V., Vidiella-Barranco, A., and Knight, P. L. (1992). Superpositions of coherent
states: Squeezing and dissipation. Physical Review A, 45(9):6570–6585.
16. Cerf, N. J., Ipe, A., and Rottenberg, X. (2000). Cloning of continuous quantum vari-
ables. Physical Review Letters, 85(8):1754–1757.
17. Chaturvedi, S. and Srinivasan, V. (1991). Class of exactly solvable master equations
describing coupled nonlinear oscillators. Physical Review A, 43(7):4054–4057.
18. Daley, A. J., Pichler, H., Schachenmayer, J., and Zoller, P. (2012). Measuring entan-
glement growth in quench dynamics of bosons in an optical lattice. Physical Review
Letters, 109(2):020505.
19. Daniel, D. J. and Milburn, G. J. (1989). Destruction of quantum coherence in a nonlin-
ear oscillator via attenuation and amplification. Physical Review A, 39(9):4628–4640.
20. D’Ariano, G. M., Mancini, S., Man’ko, V. I., and Tombesi, P. (1996). Reconstructing
the density operator by using generalized field quadratures. Quantum Semiclassical
Optics: Journal of the European Optical Society Part B, 8(5):1017–1027.
21. D’Auria, V., Fornaro, S., Porzio, A., Solimeno, S., Olivares, S., and Paris, M. G. A.
(2009). Full characterization of gaussian bipartite entangled states by a single homo-
dyne detector. Physical Review Letters, 102(2):020502.
90
22. de los Santos, F., Guglieri, C., and Romera, E. (2010). Application of new Rényi
uncertainty relations to wave packet revivals. Physica E, 42(3):303–307.
23. De Nicola, S., Fedele, R., Man’ko, M. A., and Man’ko, V. I. (2006). New uncertainty
relations for tomographic entropy: Application to squeezed states and solitons. The
European Physical Journal B, 52(2):191–198.
24. Dodonov, V. V., Malkin, I. A., and Man’ko, V. I. (1974). Even and odd coherent states
and excitations of a singular oscillator. Physica, 72(3):597–615.
25. Einstein, A., Podolsky, B., and Rosen, N. (1935). Can quantum-mechanical description
of physical reality be considered complete? Physical Review, 47(10):777–780.
26. Ekert, A. and Knight, P. L. (1995). Entangled quantum systems and the Schmidt de-
composition. American Journal of Physics, 63(5):415–423.
27. Fano, U. (1957). Description of states in quantum mechanics by density matrix and
operator techniques. Review of Modern Physics, 29(1):74–93.
28. Filippov, S. N. and Man’ko, V. I. (2011). Optical tomography of Fock state superposi-
tions. Physica Scripta, 83(5):058101.
29. Gardiner, C. W. (1991). Quantum Noise. Springer, Berlin.
30. Giovannetti, V., Lloyd, S., and Maccone, L. (2006). Quantum metrology. Physical
Review Letters, 96(1):010401.
31. Gisin, N., Ribordy, G., Tittel, W., and Zbinden, H. (2002). Quantum cryptography.
Review of Modern Physics, 74(1):145–195.
32. Glauber, R. J. (1963). Coherent and incoherent states of the radiation field. Physical
Review, 131(6):2766–2788.
33. Greiner, M., Mandel, O., Hansch, T. W., and Bloch, I. (2002). Collapse and revival of
the matter wave field of a Bose-Einstein Condensate. Nature, 419(6902):51–54.
34. Groenewold, H. J. (1946). On the principles of elementary quantum mechanics. Phys-
ica, 12(7):405 – 460.
35. Horodecki, R., Horodecki, P., Horodecki, M., and Horodecki, K. (2009). Quantum
entanglement. Review of Modern Physics, 81(2):865–942.
91
36. Ibort, A., Man’ko, V. I., Marmo, G., Simoni, A., and Ventriglia, F. (2009). An introduc-
tion to the tomographic picture of quantum mechanics. Physica Scripta, 79(6):065013.
37. Jex, I. and Orłowski, A. (1994). Wehrl’s entropy dynamics in a Kerr-like medium.
Journal of Modern Optics, 41(12):2301–2306.
38. Katriel, J. and Solomon, A. I. (1994). Nonideal lasers, nonclassical light, and deformed
photon states. Physical Review A, 49(6):5149–5151.
39. Kim, M. S., Son, W., Bužek, V., and Knight, P. L. (2002). Entanglement by a
beam splitter: Nonclassicality as a prerequisite for entanglement. Physical Review A,
65(3):032323.
40. Kirchmair, G., Vlastakis, B., Leghtas, Z., Nigg, S. E., Paik, H., Ginossar, E., Mirrahimi,
M., Frunzio, L., Girvin, S. M., and Schoelkopf, R. J. (2013). Observation of quantum
state collapse and revival due to the single-photon Kerr effect. Nature, 495(7440):205–
209.
41. Kitagawa, M. and Yamamoto, Y. (1986). Number-phase minimum-uncertainty state
with reduced number uncertainty in a Kerr nonlinear interferometer. Physical Review
A, 34(5):3974–3988.
42. Korennoy, Y. A. and Man’ko, V. I. (2011). Optical tomography of photon-added co-
herent states, even and odd coherent states, and thermal states. Physical Review A,
83(5):053817.
43. Leonhardt, U. (1997). Measuring the Quantum State of Light. Cambridge University
Press, Cambridge.
44. Lvovsky, A. I., Ghobadi, R., Chandra, A., Prasad, A. S., and Simon, C. (2013). Obser-
vation of micro-macro entanglement of light. Nature Physics, 9(9):541–544.
45. Lvovsky, A. I. and Raymer, M. G. (2009). Continuous-variable optical quantum-state
tomography. Review of Modern Physics, 81(1):299–332.
46. Mancini, S., Man’ko, V. I., and Tombesi, P. (1995). Wigner function and probabil-
ity distribution for shifted and squeezed quadratures. Quantum Semiclassical Optics:
Journal of the European Optical Society Part B, 7(4):615–623.
92
47. Mancini, S., Man’ko, V. I., and Tombesi, P. (1996). Symplectic tomography as classical
approach to quantum systems. Physics Letters A, 213(1-2):1–6.
48. Mancini, S., Man’ko, V. I., and Tombest, P. (1997). Classical-like description of quan-
tum dynamics by means of symplectic tomography. Foundations of Physics, 27(6):801–
824.
49. Mandel, L. (1979). Sub-poissonian photon statistics in resonance fluorescence. Optics
Letters, 4(7):205–207.
50. Man’ko, V. I., Marmo, G., Porzio, A., Solimeno, S., and Ventriglia, F. (2011). Homo-
dyne estimation of quantum state purity by exploiting the covariant uncertainty relation.
Physica Scripta, 83(4):045001.
51. Manko, V. I., Marmo, G., Simoni, A., and Ventriglia, F. (2009). A possible experimental
check of the uncertainty relations by means of homodyne measuring field quadrature.
Advanced Science Letters, 2(4):1–4.
52. Man’ko, V. I. and Zhebrak, E. D. (2012). Tomographic probability representation for
states of charge moving in varying field. Optics and Spectroscopy, 113(6):624–629.
53. Matsukevich, D. N., Chanelière, T., Jenkins, S. D., Lan, S.-Y., Kennedy, T. A. B.,
and Kuzmich, A. (2006). Observation of dark state polariton collapses and revivals.
Physical Review Letters, 96(3):033601.
54. Meacher, D. R., Meyler, P. E., Hughes, I. G., and Ewart, P. (1991). Observations of the
collapse and fractional revival of a Rydberg wavepacket in atomic Rubidium. Journal
of Physics B: Atomic, Molecular and Optical Physics, 24(3):L63–L69.
55. Milburn, G. J. (1986). Quantum and classical Liouville dynamics of the anharmonic
oscillator. Physical Review A, 33(1):674–685.
56. Milburn, G. J. and Holmes, C. A. (1986). Dissipative quantum and classical Liouville
mechanics of the anharmonic oscillator. Physical Review Letters, 56(21):2237–2240.
57. Miranowicz, A., Bajer, J., Wahiddin, M. R. B., and Imoto, N. (2001). Wehrl informa-
tion entropy and phase distributions of Schrödinger cat and cat-like states. Journal of
Physics A: Mathematical and General, 34(18):3887–3896.
93
58. Miranowicz, A., Bartkiewicz, K., Pathak, A., Perˇina, J., Chen, Y.-N., and Nori, F.
(2015). Statistical mixtures of states can be more quantum than their superpositions:
Comparison of nonclassicality measures for single-qubit states. Physical Review A,
91(4):042309.
59. Miranowicz, A., Bartkowiak, M., Wang, X., Liu, Y.-x., and Nori, F. (2010). Testing
nonclassicality in multimode fields: A unified derivation of classical inequalities. Phys-
ical Review A, 82(1):013824.
60. Miranowicz, A., Paprzycka, M., Pathak, A., and Nori, F. (2014). Phase-space inter-
ference of states optically truncated by quantum scissors: Generation of distinct su-
perpositions of qudit coherent states by displacement of vacuum. Physical Review A,
89(3):033812.
61. Miranowicz, A., Tanas´, R., and Kielich, S. (1990). Generation of discrete superpositions
of coherent states in the anharmonic oscillator model. Quantum Optics: Journal of the
European Optical Society Part B, 2(3):253–265.
62. Morin, O., Huang, K., Liu, J., Le Jeannic, H., Fabre, C., and Laurat, J. (2014). Remote
creation of hybrid entanglement between particle-like and wave-like optical qubits. Na-
ture Photonics, 8(7):570–574.
63. Moyal, J. E. (1949). Quantum mechanics as a statistical theory. Mathematical Proceed-
ings of the Cambridge Philosophical Society, 45(01):99–124.
64. Napoli, A. and Messina, A. (1999). Generalized even and odd coherent states of a single
bosonic mode. The European Physical Journal D, 5(3):441–445.
65. Paprzycka, M. and Tanas´, R. (1992). Discrete superpositions of coherent states and
phase properties of the m-photon anharmonic oscillator. Quantum Optics: Journal of
the European Optical Society Part B, 4(5):331–342.
66. Peng, S. A. and Guo, G. C. (1990). Orthonormalized eigenstates of operator an and
their properties. Acta Physica Sinica, 39(1):51–60. (in chinese).
67. Rempe, G., Walther, H., and Klein, N. (1987). Observation of quantum collapse and
revival in a one-atom maser. Physical Review Letters, 58(4):353–356.
94
68. Robinett, R. W. (2004). Quantum wave packet revivals. Physics Reports, 392(1-2):1–
119.
69. Rohith, M. and Sudheesh, C. (2014). Fractional revivals of superposed coherent states.
Journal of Physics B: Atomic, Molecular and Optical Physics, 47(4):045504.
70. Rohith, M. and Sudheesh, C. (2015). Visualizing revivals and fractional revivals in a
kerr medium using an optical tomogram. Physical Review A, 92(5):053828.
71. Rohith, M. and Sudheesh, C. (2016). Signatures of entanglement in an optical tomo-
gram. Journal of the Optical Society of America B, 33(2):126–133.
72. Rohith, M., Sudheesh, C., and Rajeev, R. (2016). Entanglement dynamics of quantum
states generated by a kerr medium and a beam splitter. Modern Physics Letters B,
30:1550269.
73. Romera, E. and de los Santos, F. (2007). Identifying wave-packet fractional revivals by
means of information entropy. Physical Review Letters, 99(26):263601.
74. Romera, E. and de los Santos, F. (2008). Fractional revivals through Rényi uncertainty
relations. Physical Review A, 78(1):013837.
75. Schlosshauer, M. (2005). Decoherence, the measurement problem, and interpretations
of quantum mechanics. Review Modern Physics, 76(4):1267–1305.
76. Shapiro, E. A., Spanner, M., and Ivanov, M. Y. (2003). Quantum logic approach to
wave packet control. Physical Review Letters, 91(23):237901.
77. Shchukin, E. V. and Vogel, W. (2005). Nonclassical moments and their measurement.
Physical Review A, 72(4):043808.
78. Smithey, D. T., Beck, M., Raymer, M. G., and Faridani, A. (1993). Measurement of
the Wigner distribution and the density matrix of a light mode using optical homodyne
tomography: Application to squeezed states and the vacuum. Physical Review Letters,
70(9):1244–1247.
79. Sudheesh, C., Lakshmibala, S., and Balakrishnan, V. (2004). Manifestations of wave
packet revivals in the moments of observables. Physics Letters A, 329(1-2):14 –21.
95
80. Sudheesh, C., Lakshmibala, S., and Balakrishnan, V. (2005a). Squeezing and higher-
order squeezing of photon-added coherent states propagating in a Kerr-like medium.
Journal of Optics B: Quantum Semiclassical Optics, 7(12):S728–S735.
81. Sudheesh, C., Lakshmibala, S., and Balakrishnan, V. (2005b). Wave packet dynamics
of photon-added coherent states. Europhysics Letters, 71(5):744–750.
82. Sun, J., Wang, J., and Wang, C. (1992). Generation of orthonormalized eigenstates
of the operator ak (for k ≥3) from coherent states and their higher-order squeezing.
Physical Review A, 46(3):1700–1702.
83. Tara, K., Agarwal, G. S., and Chaturvedi, S. (1993). Production of Schrödinger macro-
scopic quantum-superposition states in a Kerr medium. Physical Review A, 47(6):5024–
5029.
84. Vaccaro, J. A. and Orłowski, A. (1995). Phase properties of Kerr media via variance
and entropy as measures of uncertainty. Physical Review A, 51(5):4172–4180.
85. van Enk, S. J. (2003). Entanglement capabilities in infinite dimensions: Multidimen-
sional entangled coherent states. Physical Review Letters, 91(1):017902.
86. van Enk, S. J. (2005). Decoherence of multidimensional entangled coherent states.
Physical Review A, 72(2):022308.
87. Vidal, G. and Werner, R. F. (2002). Computable measure of entanglement. Physical
Review A, 65(3):032314.
88. Vogel, K. and Risken, H. (1989). Determination of quasiprobability distributions in
terms of probability distributions for the rotated quadrature phase. Physical Review A,
40(5):2847–2849.
89. Vrakking, M. J. J., Villeneuve, D. M., and Stolow, A. (1996). Observation of fractional
revivals of a molecular wave packet. Physical Review A, 54(1):R37–R40.
90. Walls, D. F. and Milburn, G. J. (1985). Effect of dissipation on quantum coherence.
Physical Review A, 31(4):2403–2408.
91. Weyl, H. (1931). The Theory of Groups and Quantum Mechanics. Dover, New York.
96
92. Wigner, E. (1932). On the quantum correction for thermodynamic equilibrium. Physi-
cal Review, 40(5):749–759.
93. Yao, X.-C., Wang, T.-X., Xu, P., Lu, H., Pan, G.-S., Bao, X.-H., Peng, C.-Z., Lu, C.-Y.,
Chen, Y.-A., and Pan, J.-W. (2012). Observation of eight-photon entanglement. Nature
Photonics, 6(4):225–228.
94. Yeazell, J. A., Mallalieu, M., and Stroud Jr, C. R. (1990). Observation of the collapse
and revival of a Rydberg electronic wave packet. Physical Review Letters, 64(17):2007–
2010.
95. Yeazell, J. A. and Stroud Jr, C. R. (1991). Observation of fractional revivals in the
evolution of a Rydberg atomic wave packet. Physical Review A, 43(9):5153–5156.
96. Yurke, B. and Stoler, D. (1986). Generating quantum mechanical superpositions of
macroscopically distinguishable states via amplitude dispersion. Physical Review Let-
ters, 57(1):13–16.
97. Zavatta, A., Viciani, S., and Bellini, M. (2004). Quantum-to-classical transition with
single-photon-added coherent states of light. Science, 306(5696):660–662.
98. Zurek, W. H. (1991). Decoherence and the transition from quantum to classical. Physics
Today, 44:36–44.
99. Zurek, W. H. (2001). Sub-planck structure in phase space and its relevance for quantum
decoherence. Nature, 412(6848):712–717.
100. Zurek, W. H. (2003). Decoherence and the transition from quantum to classical–
revisited. arXiv:quant-ph, page 0306072.
97
APPENDIX A
Wigner function of the state at time t = Trev/k for the
initial state |ψl,h〉 propagating in a Kerr medium
Consider propagation of a macroscopic superposition state composing l coher-
ent states, defined as
|ψl,h〉 = Nl,h
l−1∑
r=0
e−i2pirh/l
∣∣α ei2pir/l〉 , (A.1)
through a Kerr-like medium. Here h = 0, 1, 2, . . . , (l− 1). The Hamiltonian governing
the dynamics is given by
H = ~χN(N− 1), (A.2)
where N = a†a and χ is the third order nonlinear susceptibility of the medium. At time
t = Trev/k = pi/kχ the state can be written as
|ψ(t = Trev/k)〉 =
∣∣∣ψ(k)l,h 〉 = U(pi/kχ) |ψl,h〉 , (A.3)
where
U (pi/kχ) = exp
[
−ipi
k
N(N− 1)
]
. (A.4)
The periodicity properties of the unitary time evolution operator U (pi/kχ) (given in
Eq. (3.8) and Eq. (3.9)) enable us to write the time-evolved state at time t = Trev/k as
|ψ(t = Trev/k)〉 =
∣∣∣ψ(k)l,h 〉 =
k−1∑
s=0
l−1∑
r=0
fs,k e
−i2pirh/l |αr,s〉 , (A.5)
where fs,k is defined in Eq. (3.24) and
αr,s =


α ei 2pi(r/l−s/k) if k is odd
α ei 2pi(r/l−s/k) eipi/k if k is even.
(A.6)
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The Wigner function of the state
∣∣∣ψ(k)l,h 〉 is
W
(k)
l,h (β) =
2 e2|β|
2
pi2
∫
d2z〈−z |ψ (t = Trev/k)〉〈ψ (t = Trev/k)| z〉 e2(z∗β−zβ∗), (A.7)
where |z〉 is a coherent state and β = (x + i p)/√2. Inserting Eq. (A.5) in above
equation, we get
W
(k)
l,h (β) =
2 e2|β|
2
pi2
k−1∑
s,s′=0
l−1∑
r,r′=0
fs,k f
∗
s′,k e
−i2pi(r−r′)h/l
×
∫
d2z 〈−z |αr,s〉 〈αr′,s′| z〉 e2(z∗β−zβ∗).
(A.8)
The inner product between two coherent states |α〉 and |z〉 is
〈α |z〉 = exp
[
−|α|
2
2
− |z|
2
2
+ α∗z
]
(A.9)
We make use of Eq. (A.9) to reduce the Eq. (A.8) to the following form:
W
(k)
l,h (β) =
2 e2|β|
2−|α|2
pi2
k−1∑
s,s′=0
l−1∑
r,r′=0
fs,k f
∗
s′,k e
−i2pi(r−r′)h/l
×
∫
d2z e−|z|
2
ez
∗(2β−αr,s)−z(2β∗−αr′,s′).
(A.10)
It is straight forward to calculate the integral in above equation as
1
pi
∫
d2z e−|z|
2
ez
∗(2β−αr,s)−z(2β∗−αr′,s′) = e−(2β−αr,s)(2β
∗−αr′,s′) (A.11)
Therefore, it follows from Eq. (A.10) that
W
(k)
l,h (β) =
2 e2|β|
2−|α|2
pi
k−1∑
s,s′=0
l−1∑
r,r′=0
fs,k f
∗
s′,k e
−i2pi(r−r′)h/l e−(2β−αr,s)(2β
∗−αr′,s′).
(A.12)
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APPENDIX B
Calculation of entanglement of the state |Φ〉h in the
presence of amplitude damping
The beam splitting action on the even coherent state |ψ2,h〉 with the vacuum
state |0〉 generates the entangled state
|Φ〉h = N2,h
[|β〉c |β〉d + eipih |−β〉c |−β〉d] . (B.1)
Evolution of this state in the presence amplitude decoherence is given by Eq. (5.21):
ρcd(τ) =N
2
2,h
1∑
r,r′=0
eipih(r−r
′) exp
[
−2 |β|2
(
1− eipi(r−r′)
) (
1− e−2γτ)]
× ∣∣βr e−γτ〉c ∣∣βr′ e−γτ〉d c 〈βr e−γτ ∣∣d 〈βr′ e−γτ ∣∣, (B.2)
where γ is the rate of decay and τ is the time, βr = β ei pir and βr′ = β ei pir
′
. The
state ρcd(τ) is a mixed state for all the time τ > 0. The logarithmic negativity EN is a
computable measure of entanglement for the mixed states (Vidal and Werner, 2002). In
order to calculate the logarithmic negativity of the state ρcd(τ), we first have to express
it in an orthogonal basis. This can be achieved by expressing the state ρcd(τ) in Fock
basis. The Fock state representation of the state ρcd(τ) is given by
ρcd(τ) =N
2
2,he
−2|β|2 e−2γτ
1∑
r,r′=0
eipih(r−r
′) exp
[
−2 |β|2
(
1− eipi(r−r′)
) (
1− e−2γτ)]
×
∞∑
m1=0
∞∑
m2=0
∞∑
n1=0
∞∑
n2=0
βm1r β
m2
r′ β
∗
r
n1 β∗r′
n2 e−γτ(m1+m2+n1+n2)√
m1!m2!n1!n2!
× |m1〉c |m2〉d c 〈n1|d 〈n2|. (B.3)
The elements of this matrix can be written as
[ρcd(τ)]m1m2;n1n2 =N
2
2,he
−2|β|2 e−2γτ
1∑
r,r′=0
eipih(r−r
′) exp
[
−2 |β|2
(
1− eipi(r−r′)
) (
1− e−2γτ)]
× β
m1
r β
m2
r′ β
∗
r
n1 β∗r′
n2 e−γτ(m1+m2+n1+n2)√
m1!m2!n1!n2!
. (B.4)
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The partial transpose of ρcd(τ) with respect to the first mode is denoted by [ρcd(τ)]T1
and is defined through the element-wise operation
[ρcd(τ)]
T1
m1m2;n1n2
= [ρcd(τ)]n1m2;m1n2 . (B.5)
The logarithmic negativity of the state ρcd(τ) can be calculated as
EN = log2 ‖ ρTkcd (τ) ‖, (B.6)
where ‖ · ‖ denotes the trace norm operation, which is equal to the sum of the abso-
lute values of eigenvalues for a Hermitian operator. The Eq. (B.6) can be evaluated
numerically in a straightforward way by using standard linear algebra. In the case of
infinite-dimensional matrices, convergence in numerical computation is provided by the
factorials in the denominator of the summand in the expression derived above for the
matrix elements. We use double precision arithmetic with an accuracy of 1 part in 106.
We check the condition Tr [ρcd(τ)] = 1, for the numerical computations.
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APPENDIX C
Solution of the two-mode phase damping master
equation
Consider the zero-temperature phase damping master equation, given in Eq. (5.25),
for the two-mode density matrix ρcd of field modes at the output of the beam splitter
∂
∂τ
ρcd =
2∑
s=1
κs
(
2As ρcdA
†
s −A†sAs ρcd − ρcdA†sAs
)
, (C.1)
where κ1 (κ2) is the coupling strength of the mode c (mode d) with the external environ-
ment, τ is the time, A1 = c†c, and A2 = d†d. The solution of Eq. (C.1) can be written
in the Fock basis as
ρcd(τ) =
∞∑
m1=0
∞∑
m2=0
∞∑
n1=0
∞∑
n2=0
[ρcd(τ)]m1m2;n1n2 |m1〉c |m2〉d c 〈n1| d 〈n2|. (C.2)
Substituting Eq. (C.2) in Eq. (C.1), we get
∂
∂τ
[ρcd(τ)]m1m2;n1n2 =
2∑
s=1
κs
{
2nsms [ρcd(τ)]m1m2;n1n2 −m2s [ρcd(τ)]m1m2;n1n2
−n2s [ρcd(τ)]m1m2;n1n2
}
. (C.3)
This expression can be rewritten as
∂
∂τ
[ρcd(τ)]m1m2;n1n2 = −
2∑
s=1
κs (ns −ms)2 [ρcd(τ)]m1m2;n1n2. (C.4)
The solution of this equation can be easily found as
[ρcd(τ)]m1m2;n1n2 =exp
[
−
2∑
s=1
κsτ (ns −ms)2
]
[ρcd(τ = 0)]m1m2;n1n2 . (C.5)
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For the initial state |Φ〉h, given in Eq. (B.1), the above equation becomes
[ρcd(τ)]m1m2;n1n2 =exp
[
−
2∑
s=1
κsτ (ns −ms)2
]
〈m1, m2|Φ〉h h〈Φ|n1, n2〉. (C.6)
Simplifying the above expression, we get
[ρcd(τ)]m1m2;n1n2 =N
2
2,he
−2|β|2 exp
[
−
2∑
s=1
κsτ (ns −ms)2
]
×
1∑
r,r′=0
e−ipih(r−r
′) βm1r β
m2
r′ β
∗
r
n1 β∗r′
n2
√
m1!m2!n1!n2!
, (C.7)
where βr = β ei pir and βr′ = β ei pir
′
. It is clear from above equation that the diagonal
elements of the two-mode matrix ρcd(τ) do not decay due to phase damping. In the
long time limit, the density matrix give in Eq. (C.2) reduces to
ρcd(τ →∞) =2N22,he−2|β|
2 [
1 + (−1)h] ∞∑
m=0
∞∑
n=0
e−2κτ(n−m)
2 |β|2m |β|2n
m!n!
× |m〉c |n〉d c 〈m| d 〈n|, (C.8)
where we have set the coupling constants κ1 = κ2 = κ.
103
LIST OF PUBLICATIONS BASED ON THE THESIS
Papers in refereed international journals
1. Rohith, M., and Sudheesh, C. (2014). Fractional revivals of superposed coher-
ent states. Journal of Physics B: Atomic, Molecular and Optical Physics, 47(4):
045504.
2. Rohith, M., and Sudheesh, C. (2015). Visualizing revivals and fractional revivals
in a Kerr medium using an optical tomogram. Physical Review A, 92(5): 053828.
3. Rohith, M., and Sudheesh, C. (2016). Signatures of entanglement in optical to-
mogram. Journal of the Optical Society of America B, 33(2): 126-133.
4. Rohith, M., Sudheesh, C., and Rajeev, R. (2016). Entanglement dynamics of
quantum states generated by a Kerr medium and a beam splitter. Modern Physics
Letters B, 30(2): 1550269.
Papers in conferences
1. Rohith, M., and Sudheesh, C. (2012). Multidimensional Entangled Photon-added
Coherent States. DAE-BRNS Symposium on Atomic, Molecular and Optical Physics,
IISER-Kolkata, Kolkata, Dec. 14-17, pp. 177.
2. Rohith, M., and Sudheesh, C. (2012). Rényi uncertainty relations in Kerr-like me-
dia. DAE-BRNS Symposium on Atomic, Molecular and Optical Physics, IISER-
Kolkata, Kolkata, Dec. 14-17, pp. 85.
3. Rohith, M., and Sudheesh, C. (2014). Entanglement dynamics of m-photon-
added coherent states in a beam splitter. Recent Trends in Information Optics &
Quantum Optics, IIT-Patna, Patna, Nov. 07-08, pp. 64-65. (Best poster award)
4. Rohith, M., and Sudheesh, C. (2014). Decoherence of superposed photon-added
coherent states. 20th National Conference on Atomic and Molecular Physics,
104
IIST, Thiruvananthapuram, India, Dec. 09-12, pp. 33.
5. Rohith, M., and Sudheesh, C. (2015). Quantum optical tomography of entangled
states. ICOP2015, International Conference on Optics and Photonics, University
of Calcutta, Kolkata, India, Feb. 20-22, P-273, pp. 90.
6. Rohith, M., and Sudheesh, C. (2015). Optical tomography of superposed photon-
added coherent states. ICOPMA 2015, FOP 27, 1st International Conference on
Opto-Electronics and Photonic Materials, Sastra University, Thanjavur, Tamil-
nadu, India, Feb. 27-28, FOP 27, pp. 25. (Best poster award)
Manuscript under preparation
1. Rohith, M., and Sudheesh, C. Optical tomograms of the entangled states gener-
ated by a Kerr medium and a beam splitter.
105
CURRICULUM VITAE
Name : Rohith M.
Date of birth : 30.05.1988
Nationality : Indian
Permanent Address : Kozhiparambil House
V. K. Road, Nilambur (P. O.)
Malappuram, Kerala- 679 329
Present Address : Assistant Professor
Department of Physics
Government College Kasaragod
Vidyanagar, Kerala- 671 123
Email ID : rohith.manayil@gmail.com
Phone number : +91 94 96 84 29 40
Academic Record
• BSc. Physics, 4th Rank, Marthoma College Chungathara, University of Calicut,
(2008).
• MSc. Physics, 1st Rank, University Campus, University of Calicut, (2010).
• Qualified for Junior Research Fellowship in CSIR-UGC National Eligibility Test,
(December 2010).
Papers in International Journals
• Rohith, M., and Sudheesh, C. (2014). Fractional revivals of superposed coher-
ent states. Journal of Physics B: Atomic, Molecular and Optical Physics, 47(4):
045504.
• Rohith, M., and Sudheesh, C. (2015). Visualizing revivals and fractional revivals
in a Kerr medium using an optical tomogram. Physical Review A, 92(5): 053828.
• Rohith, M., and Sudheesh, C. (2016). Signatures of entanglement in optical to-
mogram. Journal of the Optical Society of America B, 33(2): 126-133.
106
• Rohith, M., Sudheesh, C., and Rajeev, R. (2016). Entanglement dynamics of
quantum states generated by a Kerr medium and a beam splitter. Modern Physics
Letters B, 30(2): 1550269.
Conferences Attended
• Rohith, M., and Sudheesh, C. (2012). Multidimensional Entangled Photon-added
Coherent States. DAE-BRNS Symposium on Atomic, Molecular and Optical Physics,
IISER-Kolkata, Kolkata, Dec. 14-17, pp. 177.
• Rohith, M., and Sudheesh, C. (2012). Rényi uncertainty relations in Kerr-like me-
dia. DAE-BRNS Symposium on Atomic, Molecular and Optical Physics, IISER-
Kolkata, Kolkata, Dec. 14-17, pp. 85.
• Rohith, M., and Sudheesh, C. (2014). Entanglement dynamics of m-photon-
added coherent states in a beam splitter. Recent Trends in Information Optics &
Quantum Optics, IIT-Patna, Patna, Nov. 07-08, pp. 64-65. (Best poster award)
• Rohith, M., and Sudheesh, C. (2014). Decoherence of superposed photon-added
coherent states. 20th National Conference on Atomic and Molecular Physics,
IIST, Thiruvananthapuram, India, Dec. 09-12, pp. 33.
• Rohith, M., and Sudheesh, C. (2015). Quantum optical tomography of entangled
states. ICOP2015, International Conference on Optics and Photonics, University
of Calcutta, Kolkata, India, Feb. 20-22, P-273, pp. 90.
• Rohith, M., and Sudheesh, C. (2015). Optical tomography of superposed photon-
added coherent states. ICOPMA 2015, FOP 27, 1st International Conference on
Opto-Electronics and Photonic Materials, Sastra University, Thanjavur, Tamil-
nadu, India, Feb. 27-28, FOP 27, pp. 25. (Best poster award)
107
